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FOREWORD 



'("his handbook has been prepared in order to. provide teachers 
of seventh year aiid eighth year mathematics .with suggestions :for 
teaching various aspects- of the course, Jt is intended -that It be 
used with and sup|)_lcrncnt the Department sy-il labus Wafc)z<3wat^ 
Courses for- the Seventh Year and.Bighih YeaVi 

A committee of teachers andiDcpartment personnel met in May 
1966 to develop an putiine for seventh and eighth- grade mathematics i 
Th i s c omm i 1 1 ec d e s i g n cd a re c qngc nd cd f li ji d ame n t a 1 cpuf s e , - the 
scope and .organization of which reflected several guiding principles 
(i) the framework must , be consisfcnt and =rVasonabfe,- (2) the 
content should- be based on the 7X and= 8X materials as :mojdif ied'^by 
evaluations arid -fecommcndatiohs resultirig^ifrom their use,, and- 
(5) t lie c ou f s e mu s t :p f ov i dc g o pd - a r ticu 1 a t ion arid con t i huit y. with 
bo til Mathematics K - 6^. A Proposed Brograin and ifinth^Yeqp Mabhema^ 
tics'. Course J - Algebra^, as rcvlsed^dn 1965,r 

The :out line, Mathematics' Courses for. the Seventh Year and 
Eighth Year, wh i ch this- c pmm i 1 1 c e con s r r lic t <i d-, cori t a i h s n 9 op 1 1 bha 1 
.topics i For suggestions in this area reference was made in tlic 
s y 11 abus X(y 1 X an d 8X materia 1 s , s ome -0 f wh i ch^ a r e aiow- pu t 6 f p r i ri t. 
In prder to provide/teachers :of seventh and eighth grade mathematics 
with a backgrpund of ppti^^ matcfials, and. also to- flcsii out.-tlie 
Vwhat" of the piitiiric with, some suggestions concerning the "how," 
this haridbbpk was fdcvelppcdv ' * - 

'llie suggestions should :proyc particularly helpful to bcgiuriing 
teachers of mathematics. Sucii .teachers should realize, howcvcrl, 
that thcrmethodSr arid :rl lustrations used are not prescribed^ proccr 
dures ; teachers will .want to experiment with altefriatc approaches 
as thies'^* come to itheif ntteritipny 

Npr should teachers feel that everything in this haridbppk. mus^ 
be "covered" J.n every class. A number of areas wliicli . arc 'Icsigriatcd^ 
as optional- have been included in this development .. 'Stronger pupils. 
may be led to explore some of these opt iorial topics, but it is' 
probable that 4ipt all of these topics can rb 6 touched up ori by any one 
group. It is .the -intent of this handbook to make such cxploratibris 
prbfitabje^wheri oppprtunitics for tliis activity arise. 'Oic optional 
topics pperi windows upon fascinating vistas, :but this additional 
material should^ not be introduced in: classes where this is done at 
the expense of adequate treatment ,bf the required topics; 

Bxperiencod/ teachers, too, will welcome new suggcstioris fbr 
prcscntirig: old arid new topics. Such background siipplem^^^ will 
make ayailable tb them a wider variety of approaches arid tcchhiq^ 
to vary their prcspritatiqris; Sbme of the -suggestions wili\providc 
the teacher ;with prbcedu/es which will^ criabia tb 
be placed on-certain, asgects of •'mbderiyj -mnthematic^^^^ 

vi:i 



The original; draft of the manuscript was written by Mrs i Irna 
De Long, mathematics teaVher, Albany -Public ^ S^®^'*'*s 
advised to draw freely on the 7X and 8X, publications of the 
Depart lien t . F f edr i c \P au 1, associ ate , Bur e au 6 f Ma th em a tic s Educ a - 
tion, worked closely with Mrs. De Long, ahd.xhecked the manuscript 
as it ;was being writteni^ 

Aa ron Buc hman , as s 9 ci ate , Bur e au 6 f Ma th ema tics Odiicarion, 
HP^!^^ ^^"^Rorary. assignment ta^.t^ Bureau of Secpndary .Curri'cul^^ 
Development i organized, edited,, and tpfepared the final manuscript 
for-publication. 



Gordon E> VaRtHpoft, Director 
tfivisidh of SohooV Supexn>i8ion 
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i i. :SETS 

1 The topic of sets wil 1 need thoroujjh development in some 

classesi but review wi 1 T he stiff icieht in pther classes depending 
on JjQw^much has been taupht previously; 

^ The tonTi*«e^ is undefi^ed^^but can be considered to-be a 

^ CO 1 1 e^ t i on - 6 f ob j ec t s jot concepts, wh i c h a re c a 1 Iccl ^ el emen tp of 

memhevQ of :thc^ set , The symbol epsvloh,.^ , is used -to indicate that 

] a certain object is an clcmeht of a certain set.^ € is: fead: 

^ "5 is an element; of set aV. "S ^[ A*' is read, is mot an; clement 

} X) f s c t A" . S e t s may ib e i d en t i f i ed by ^tis ting i n b f rf c e s t b e e j emc n t s 

f of a >*:ct sucb as {Ojl, 2,5,4). The same set rnay be i/^^ 

f wovds as {all whole numbers less than or equal to four ) . Also, 

^ some sets-may be gvapfied- on a number 1 ine 1 1 J s surges ted- that 

J simple represcntaHori of s " number line be taught at this 

I - time; 

^ The largest set under corisideraUon is the wwiuersaZ^^ its 

I symbol is-usimliy U, A /tm'ie set^ contains a definite number of 

I elements; sucha set is {a,b^c,d). An infinite set contains. ah 

J end j e s s number o t o 1 em en t s i For e xamp 1 e , Ci ^ 2 , 3 , 4 i . . . } i s »Vn i h f i n i t e 

I set; the ithfec dots denote the endless pattern; The null set con- 

I ta i h s no mcniber sn Th c sc t o f a 111 1 v^ing d og s w i t h wi hgsvi s an 

I exampic j)f the null sct^ which, is symbolized by { ) of Equal 

I sets contain the same elements, not nccessafijy ^iri the same order, 

i Equivalent sets arc sets with the same cardinal number , so that a 

I one-to-one coffespondence exists. Sets which contain, hp mcmberSz ih 

3 common ixre did joint sets. 

r When' elements of the linivefsal set are grouped in various ways 

,| to fofmiiany sets , tliese sets are called aubaets. The null set is a 

I subset of every set. F.ycfy set is a subset of itself. All subsets 

I arc pvopev- subs '^ts cx c cp t t h e set itself. :t f sc t A i s a s ubs e t o f B , , 

I this can be indicatcd-by thc^ sytnb^ A ^ciB. If*set A is a proper 

I subset of Bi. this can be ihdicatcd-by the symbol, A P B\ 

I the union of set A and set B' is the set consisting of all? the 

I e 1 ements ah both sets ; no element may Ibe 1 istedLmof e thah- once . The 

4 union of set A ahtl set B may be indicated by the, use of the* symbols 
I A u B.. The intevheotionoi set Aahd set B is the set containing 

4 ail the-^crcmchts common to bojtliT sets. The intersectidh of set A 

? and set Bmayibe indicated by the use of the symbols A A B. 

i V 

I € is an^^leneht of £ subset ' . « 

^ € is not ah clemeht of h intersection, "and" 

I (} of 4' null set , empty set U union, "or" 

y c proper ,sul)set U -universal set 



Identification of Sets 



Ccnaept: Mcnninii of a net; 

(1) . Any collection or j»ronp of objects or concepts which have 

some property or chnrnctcri St Lc in common mny ^bc cnllccj n 
set. The chairs in your classroom make up a set. Ilic 
properties they have invconrmon arc that 'they arc chairs amr 
that they »a re in your classroom. 

Look avomd the alasqi^oom mi ■f^e>ii^lfu oatleatiomi 
or groupG' of object}} that can be al^JtpvS^tcJ o(* jcttf. 
The set of all chairs in the room 
n»c set of all desks in the room: 
-Hic set of all hooks in tJ>P room 
iTlje set of al l: boy.s in the room^ 
Tl»e .set of all tgirls in the room 
11»e set of al l teachers in -the room 
The set of all lights in* the room: ^ 
tire set of air Slo'cks in thc rwifi 
The set of all tahles in the room- 

Kotc ; 111 e s e t s 1 i s t et! a r e ^a r ep re sent a t i ve^ s amp I c = 
of sets which may be, named . Pnpi Is may hced^ 
direction in choosing .sets containijj^ only one 
clement, 

(2) .Sets do not luave to^hc cbmposcd ;^6f objects.- Tliey may be 
collections or groups of -concepts or ideas such a> numbers, 
points, planes, and ilincs. 

Name sotce tsetis i)hiah at*c ?wi competed of pHysiaat 
objects* 

Answer ; The set of all even numbers 
T1ic set of ail odd numbers 
The set of all rnatural: riurabers= 
liic set of all ratiohar numbers 
llic set of aTl mimbcfs ^sreater than X (Where 
X is .some given; mimber)- 
The set of all number.s greater than X but 
less tlian y 

The .set of all rpoint.s<on a^given line 
The set: of all line segmciits-which form a 
gjveii geometric figure 
The set of all planes parallel to a given 
plane 

Conosptr Symbols for a set. 

(3) i*he mcmi)ers o f set arc ca 1 1 ed i t s e i cmeh t s i A s e t may be of 
any size and may cqntain:no element*?* phe clemeht, any finite 
number of ciements, or an infinite .number of elements. A Kct 



Answer: 



is referred to by listing the names of thc clements in the 
set within braces or by describing the elements irt the set. 
One parti^l«r set may be; referred to as /*the se, of all 
natural numbers greater than 4 and less^than 10/* This same 
set ma>r be referred to as (5, 6/7^ 8, 9), 

Beloiy avc sets vhich are identified by dasav^bing the 
elertehto in the ee^. Id4Ktifu ihea& came- aetc by tieting 
thcit* elemcnta irichih 

(a) The set of iiir cveh^numbcrs between 9 and 21 

(b) ;The set of all odd humbefi between 10 a^ 20 

(c) The set of all the months in the year which begin 
with the letter 

(d) The set of all the states Tn^the Ui^it^^^ 
completely surroimJcd^hy^^^^^ 

(e) The set of al 1 men who^^^^ as President of the 
United States ati any time during the period 

1931 - 1962^^ 

(f) The set of all states in the United States which 
border on thc^Atlantic Oce?in= 

(r) The set of all planets in our solar system whose . 

* orbits are inside the-ot-bit of Jupiter 
Answers ; (a) {10, 12, 14, 18, 20) 

(b) {11, 13, 15,-17^ a9V 

(c) (February): 

(d) (tlawaiiJ 

(e) {Roosevelt , Truraah^/Klsenhower, :Kennedy) 

(f) {Florida, nebrgia» South Carolina, North 
Xafplina , Virginia ,/MaYyl:ind> Delaware , 
New Jersey, New York ,ConnSc:icut, Rhode 
Inland, Massachusetts, New Hampshire, 
Maine) 

(g) {Mercury, Venus, Earth, Mars), 

(4) Boloii ave scto uhiah are identified by Mating dtl the 

elements in each set* Identify each of these set^ by 
deaaribing the alan^>i^^s in^ the eet. There may he several 
vayo of describing eadh ket .of elements. 

(a) (2, 4, 6, 8/ 10) 

(b) {Alaska, Hawaii, California, Oregon, ^Kashi 

(c) (April, Ju»5e, November, Sentekber) 

(d) (31, 22, 23, 24i 25) 

(e) (4, 8^ 12, 16, 20, 24) 

Answers : (a) The set of all natural: numbers between, 
but not Including^ 1 and 11 
'(b) The set of all states in the United 

States that border on the Pacific Ocesn 

(c) ^ The set of all months in the year that* 

have .30-days , and only SO days 

(d) The set of all natural numbers greater 
than 20 and loss than 26 

(e) thi sec of air natural numbers less than 
25 that are divisible bv 4 
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Concept: the use of dots in iistihg. elements in a set. 

(5) Three dots may be used in listing the elements in a set 
which "contains a ^large number' of elements arid such that 
the elements form a definite pattern.. In the set 
{1, 2, 3, _4, i., .586}, the three dots mean "continuing 
in the same mahnef up to ami including the number 5S6./* 
in the set {:l ,^ -2 ,_3 , 4, , ; ;J the three- dots mean 
"cont i hui rig i h the same - manrief without end . ' * 

Identify each of the folloving eets cr^ listpis 
the elements in eadh.sety uHng. the thvee Jate vhevevev 
they are usefiiti_ 

7 he set of ai peven riatiirai 
(b) the set of a 1:1 odd natural nu^ and 

i n c 1 ud i ng ;3 3 39: 
fc) the set 6£. all letters in the alphabet 

(d) the set of all states iri the Uriited States 

(e) f the .set of alL fractions betwe^ and 2 whose 

deriomiriator is 13 
Answers^: (a) {2, 4-, |iv8V 

(b): {:1,. 3, 5, 7i ;;: ,5539} 

- ^(c) fAiJB, Ci D, .;.,2} 

(d) {Alabama,. Alaska , Arizoriav Arkansas 
Wyoming} 

f ^ ( Ul M: ii ii. " ^ 

^3^ 13/15' 13' •••'15 

the Empty Set 

Concept: Meariirig of a nd^ symbol for the empty^ set. 

(i) Sometime a set will contain no demerits at all: Such a set 
is. called the empty or null set. the sym^l for ithe riui 1 
set is ^: or I } . :The set'of aTl^two-^headed elephan 
classroomjns ,the nul l set. the set of numbers grCiTter than 
2 arid less than 1 is\the riiill set. pare must be takeri^riot to 
corifuse the riumbef 6 with: thd nul 1 "^set . Zero is a number, 
it may be list^d%as ah dlement of a set. The hull set contains 
no elements the .set of numbers which can be substituted .for x 
to make x + 2 = 2 a true statement is (o). the set of numbers 
which can be substituted f^^ to make x ► 2 = x a true state? 
ment is ^| or { }. This is a very common point of confusibn 
wi th piipi i s and some ti me shoul d be devoted to preventi hg^ and- 
' c i eari rig lip a ny pos s i b i e con f u s i oh . 

List the elements in -each of '.the following sets. 
'(a) The set of all .live dinosaurs In your school 

(b) The set of all numbers- greater than 5 arid less 
than 3 

(c) The set pf all numbers that may be substituted for 
y to make the eqiwtidri 6 - y = 6 (i true statcmeht 
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(d) The set of all numbers that may be siibst Ltiiteil for 

9 1 - ' - - 

X to make the eqiiation — = 0 a, true statement " 

(e3 The set of all numbers that may be substituted for 

X to make the equation = 0 a true statement 

Ahswers^ : (a) .(b) (c) 10} ,. (d) (e) (6) , 

Finite and infinite Sets 

Comept: be fin i t i on :6 f f i h i t c a nd' i n f i ri i t e s e t s ; 

( 1 -) A f i n i t c set i a set wh i ch con t a ins- a c cfta in - mimbef^ 
of elements.. This number may be fantastically hugc^ 
but as loh^vas it is definitely ^a number , then the 
set is -a ifinitc The numbcf of molecules of water 

iii the Pacific Ocean is a -very lafl^c number. The number 
is constantly- cha1i;»i Is no way^pd determinini; 

the number; but at any giycn instant there ns a deFinitc 
number of moleciilcsrof Water prc.^^^ and it is possible 
to- name* many larifa finite^numbcrs which exceed- this number; 
Th e set of a 11 mp 1 ecu 1 cs - of wa t e r i n t li c Pa c i f i c Ocean i s 
the re f o r e ^ a : f in i t c sp t ; An a n fi n i t c sic t i s a s c t ^ wHi ch 
contains an endless number of elements. The set o£ nil 
the naturah numbers set. _ . 

It is impossible to detcrmihc.itfhcthcr certain setsi pcr^ 
'taihih^ to objects ih; the universe are finite or infinite bcr 
ca u s c we do not k how i f the ii n i vc rs e i s £i h i t e p r in f in i t e ;_ 
UTieh-pupils ask if the set ,of all- eiectrons in the universe 
.is- finite^pr infinite , the best answer J s- that we do- not 
know? 

The pupils should be given experience at detcrmininji the 
d i f f erchce bet ween sets that have a very 1 ar^e number 6 f e 1 c - 
ments -aiid-an: infinite set ; 

Tdenttfy each of the following sets as being finite 
^or infinite i - - _ 

(aj The set of all the grains of saiid on a given beach 

(b) - The set of all even numbcrj; j;reater than- 10 

(c) The set of all fractions :betwceni.theinuml)c 
- 9 

(d) : The set of all points oh a civcri line 

(e) the set of al 1 points on ^a 1 ihe segment 0.0008 of 
aii inch in length 

CF) T^c set of ail people how alive on earth 

(g) The set of al 1 human beings who are or who ever 
were al ivc on earth 

(h) The set of al 1 protons in our solar system 
Ci) {1,. 2, 3, 4, . 99999) 



(j) (1, 2, 3, 4, .;.} 

Answers : (a) I'initc (f) I'initc 

(h) Infinite (g) Finite 

(c) infinite (h) Finite 

(d) . Infinite (i) Finite 

(e) Infinite (i3 Infinite 



Equal Sets=and Equivalent Sets 

i?Ka^^.pt: !»efini t ion of equal' sets^ 

A - set may l>e tl e scf i beil= in> more t ha n o n e -way ; Tlie set 
of a 11 odd mimbers -greater than 2 and';Icss than S is 
tiie set ts, -7_Xi 'fhe set of all prime numbers 
g r»*a t c r t lia n 2: , a nd I ess - 1 lia n 8 .i s t he - sot- { 5 , . "5 , 7 } \ 
Hacli of these sets^coiitaihs tlie sane clementSi They 
af e ^ cqi la I _ s e ts - Two - s e t s a re eqiia b i£ ^ and on I y ' i f , 
:t liey ^ c on t a i n t lie srine c I emeu t s . The o nl e f o f t he 
ercmcntS' ivi thill, the scG-docs not *matteiii 

i?Kacpt : l)c f i ii i i on i o f eqii i vaj e n t sets 

"lintii vaiciit sets are sets iwlncli contain "the samc^thE^w^^ 
o f e I emcii t s . ulic n X wo s e ts c o n t a i ri t he same niimhc f p t" 
e i cncii ts i til ere ex i s t s a .'on e - 1 6 -on e - c o r re sp on d c nee be twe c n 
the two setSi For every clement in the first set there Ls 
a :cor rcsX>oijd i e I enen t in the secojul set a nd ' for cycrx" 
eleneiit' iii--thc second set there Js a xbrrcspbndinc clcmcrit 
i II t he f i rs t set ; Such se t s a re a i so ca I led ma t ch i n c ' se t s . 
The sets ( 2 v! ^ 6 ^ S } arid { M**} fy , Tom , Joe, Pc t e } a rc^ equ i va I c n t 
or ma tell j 11^ sets . The sets {I; 2 ; 5 j4 , . ) and^ (2 ,4 ,6,8, ) 
are also matchiuit sets; 

I :qiia I s e t s a re a I way s cnii i va I eri t , -hii t coli i va I e n t sets 
are not necessari ly eqiia I . The set oF .all fodd numbers cr^nter 
t iia ii one . ajid less t Ii aii = ? a ml t he s e t of a I ] pr i me ^ nu mbc r s 
,creatcf thaii 2^ and T ess tlian 8 are equal sets {3^5,7} = 
f 5 , 5 , 7J i- hut they a re a I so - equ i ya I ent^ si ne e ' t he card i ha I 
iuiinber-of each set is three.. 

The set of the primary colors, { red ^ blue ^ yeilow}, is 
equ i va 1 eii t . t o - 1 h e s e t C Ma ry ^ Jane > Sl» e) ; bi 1 1 t hey a re no t 
cqua I . 

7>i the bl^ifiks bclout, vvtte the 'Latter* of the set in 
column B vihich is eouat to the set dftev the blank in coliann A 

Coliwni A Colmn B 

. - ( I) '{17, 15, 9, 11} CA) {9, ih IB,-|7} 

__(2) the set of alL fRV-fli |7 ^3 l> 19} 

-natural uuntbers greater ^^^^ i/, i.?,. i^/ 

than 20 ;uid= less than 10 
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ColUmh A 



Column :\i 



(3) :nic set of nil (C) li 5} 

tii:o-iii^»it numbers r-, , « 

, u \ ^ 0>) {2, 4, 0, 8, 

. CS) iMft set of ail /. r n 

pr'nc nun>ci^s im P, I'-, .^^A) 

between 10 arici 24 (G) t5, 4, :5} 
_(6) The set of prime , fin qi 99) 

factors of 21 UO, II, 12, . . ; ,99i 

^ (7) The set of al l (L) (i , 3,. 9} 

Jiuits in the ^-^ ,r ^ ^ 

nifer .193 ^^'^ 10:|5. 0.5. 0.75} 
0^) the set of all 
natural hiimbers 

divisible bv- 2 ' * 

ri 12 25/ 



rev {i iz. li}. 
no) f>V,,R, C,.D, ,;.;n} 



Answers: (q A, (2) (3) II, GO CJ>) Bv C6) (7| T ^ 
(8) D^, [9) G, :{IO)J- 

J?2 ^;/j{2: blanks beioiJ,^ t/is tett^n of the cat in 
i^'Ohifmi B vhich equivaient to the set aftei* the blank in 

Column Ai Co fumn R 

- ^ 0) {i:i 2^ 3/ (A) the set of iegs oipa normal 

;_C2) (A, c . ..ji) dog ^ * 

(iYcZ/l k h (ft) ^5;S,7,I3/45,97,26;,66 

-^^^^-^ 15, 4. j>-> rc) (9: 10} 



(C) f?v 10} 

___.{4) the set of wheels - * (D) (A^ iV, C} 
on n bicycld 

Answers: (I) I), (2)^Ri 0^) A, (4)rC 



Subsets 

Comspt: n i iig of i m j vc r sa I s c t a h d subs e t s . 



^h c 1 a rge s t s e t u nd e r = c on s id e ra t i on is ca 1 1 ed t h e 
universal set; Its symbbi is HIemcnts within the 

form many 

i versa I 
set. 



universal; set may. be grouped in various ways to fori 
sets i I hcsc hew set's ^nrc cal I ed subsets of the ulii \ 



T f eve r y e l erne 11 1 i n s e t A i s a I s o ^ a n c I cmen t i h se t B , 
then set A is a siiliset of set B; If the universal set is 
the set of all pupils in the classroom, then the set of all' 
boys is a subset of the universal set? The set of al i gi rls 



in, the classroom is another subset of the -univefsal set. 
The set of an boys With dark hair is a subset of the set 
of boys in the classiroonii^ Every-set is considered a subset - 
of itself. Also, the null set is considered a subset of 
every set. The total niimbef of subsets ih/a set consisting 
of one element is therefore 2. Arset consisting of tW65y ^ 
elemefits-wiir have 4'p6ssi^ A set .consistlQg^oC' 

3 elements will rha^ ^la examinati^ 

pattern shows that the totaL number or^ subsets of 

a set- that contains- ri- elements is 2 the total'-nijmiber of 

subsets of a set of 5 elements is ?^ or 52 subsets ^ 

When w^e say t^^^ subset of set. B, it is 

poss ib le that set . A and set: Breach have : t her,samer e 1 emen t s - 
If set A is :a subset of set B,/an^^^^ set B contairis at 
i east - one - el ement wh i ch i s hot in set A ; then . we can =^ c a 11- 

iset A-a\pfopef subset of , set B; 

— " (jj. - ^ 

if set A is a subse^^ of set B, this can be indicated by 
-Ihe-symbbl, A ^B^ If set A is a proper subset 6 
this: call -be indj.c^ by the symbol:, A c B. 

tn ithe sexainples the hnivev^at ^ 

of aii the whole numbers i In eadfrixa^ indicate -whe iher 
or not qne^ se i is- d s^set of the other set :and iden tify 

which set is the Subset, " 

(ay ^ =:{8- 9V l6} ^B = ^{2^/4;i^6v8i.:?, 10} 

r(b) Ar= {Oiv6} :B-= {6^0} 

(c) , A /= {1,3, 5,_ 7i 9}: B = {1, 2, 3, ; , , ^10}- 

(d) : A = {4,.:6, 9} " B = {1, 2, 3} 
(ey A^i= ;{|^ :7r, 9}; B= {7^, 5* 9)^ 
Answers : (a) Set A. is a subset^ o^^ 

(b) Set A is a subset of; s^ 
a subset of set A 

(c) Set A^ is a subse^^ 

f(d): Neither set is a subset of the^other set 
(e) Set A is a subset of set B and set ^B ;is 
a subset of set A 

Is every set d s^^ 
Answer: Yes; Every -elemerit in set A. is also an element in 
^ set A. Therefore, set A is a subset of set A. 

If two sets jxre equal, is each set d: subset of 'the 
other set? 

Answer : Yes; Each.^element in one set is also ah element in 
the 6t h er s et . There f ore , . ^ each s et i s ^ a s ubse t of 
the other set; 

TTie letter is u^ to indicate the universal set The 
capital: letters such^a .A .ahd: B are used to indicate subsets 
of the uhiyersar set . The" universal' set ahd several subsets 
A, Br C, ah(i:D are as follows; 
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U ^ (0, 1, 2, 3^ ...ilO) 
A ^ (1, 4, Z, 10} 
B.= (6, 2, 4, 6, 8, 10)' 
G = 0, 2, 3, .i;,10}^ 
b = (2^ 6) 

Indicate which of the following stdtemento are true and 
which of them are false ^ 

(a) Set A is a subset of set B 

(b) Set A is a subset pf set C 
(cj Set B is a subset of set A 
(d) Set A is a subset of set D 
,(e) Set d is a- subset of set M) 

(f) Set B^ is a subset of set 0 

(g) '5et C is a subset of set.A 

(h) ^ Set b iis a subset -of set B 

(i) Set B IS a subset of set C 
(j) Set I) is a subset of sbt A 
Answers : 

(a) False (c) .False (e); False (g) False ^^^^ 

(b) True (d) False (f)VFalsc Ch) ra^^ False 



Coficebt: THe niinibe'r of subs ^ , 

(5) If the null set is a subset of every set, Pist ali 
the -possible subsets in the set {Oh 

Answer: .{0},^ -6 

(6) [iist all the possible subsets of the set {a, -b):; 
Answer : (a) > {b};, (a, bl, ^ » 

(7) Zist all the possible subsets of the .set 

(4, 5i 6};; 

Answer : :{4] j. {Sl^ (6} 

(4, 5) , {4, 6}, [Si 6) 
(4, 5, hi 

(8) : List rli the ^possible subsets -in ^the set {1, 2^3, 4 }:. 

Answer : ^{ \} , [2] ,A:>}\ M 
"^"^ {j,2}, {1,3}, {i,4}> 

{2,3}r, (2,4) , {3,4} i 

{1,2,3}, {2;3,4}, {1,3,4}, {1^2,4} 

{.1,2,3,4}: 

(?) ilqw many subsets are there in a set containing- only one 

element? ^two - e 1 emen ts ? thxjee e lements ? four- e temen ts? 
five elements? n- elements? v 
Answers ; 2, 4^ 8^ 16 ^ 32- 2" 
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Union, and Intersection of Sets 



Conoppt: The union of tVd *5c:,s. 

(1) Consider the set A- = {1, 5 , .9,, 14^, 17} ami the set 

B = 13^ 7 , 14^ 15} : A tiiird set C may be obtained: by . 
^groupynj: the elements in set A w-itk the^ elements in 
set B ivithoiit repeating elements whi civ arc in both 
sets; The new. set would be C = {1 ,3,5,7,9vi4vi5,n 
Set C i s. t li e i! n idii of s c t s A and i? ; Tli lin i on ^ of t wo 
setS j A. and; is the set cdmposcd: of every clemcht in 
set A plus every clement In- set 'B>which"is hot in set A. 
The union, of course incliuic every element wilicli is in 
set A, every element which is in set B^ and- every 
element which is iii ^othrsct vV and set :B; 

Th c li ii i oii o f s c t A arid s c t B,^^ may be i nd i ca t ed; 4)y 
tjie use of the svinbols A \J B. A U B as read VA or B" or 
"Avuriioh B*L; 

indicate by Vis ting, ^ the union of each pair of the 
following sets ' 

(a). A = {1,. 6^ 8} ahdiB^ {5;. 9, 11} ; 
ih) A = la- di and- m= (a, b, i<}r. 

(c) A-= (ar 5,- bi "^i^ a^^^^^^ a}, 
(d X A = t h c s c t 6 f . a 11 ^b oy s i n yoii r c 1 .t s s ; 

:B = tiie set of al 1 bro>7i-cyc^^^ yduj"^ 

class. _ ^ 

( e) A = - 1 h e s e t of all 6d d ^ n a tifra If numbers ; 

B. = the set of aii natural humi)ers» 
(f; A = -ii 6v 9} an^^^ 

(g) A " { •ioii h^ . Pet cr V Mar y } a nd B = { Ca 1 i f orri ia } 
Answers : (a)-C = { 1,5, 6^8,9; ii} w T 

^ (b) G-= {aib,Cid,i<}^ 

(c) C = {aVbV5,Z} 

:(d): C = the set defined- by the list consisting 
of all the boys, plus ail tiie i)roWh-cyed 
girls in the class; 

(e) . C ='.{i ,2;3V ;; :> 

(f) C = {M,9} _ ^ ' ^ 

(g) C = {John, Calif brnia, Mafy^ Peter} 

ifustcad ^of using set C to ihdiM union of A arid B 

t he an s wer 1 6 a ) cou 1 d - be wr i 1 1 en A U B = { 1 i 5 ; 6 , 8 , 9,11} 
and sini i lar 1 y f or t H e f ema i n i ri g a n s wer s ; 

Concept: fhc intersection of two. sets. 

(?) ?90si^Jcr the sets A = {1 ,2,3,4,5,6,7,8} arid 1= {4^4., 6^ 
8,l^ii2} . The set:C = {2if,6v8}:is ^^^^^^^ every 
c 1 cWc ri t t h a t i s an e i cmcri t i n -both set A a nd s c t B ; Sue h 
a set is calicd tiie intersection of sets A arid K. The 
iMersectiori-of two sets, A.and Bj is the set of all elements 



Which are elements cbmm^^ to both set A and set The 
intersection of set A and Jset B may be indicated by use 
9f the symbols A fl B. A fl B; ik read "A arid B" of "A 
intersection 4".. 

Given sets B, C^ D, dndlE -heloDi indicate the^ 
ihtevsec tions- veques ted . 
A a a,3;9,ilT 
B= {1,3,5^9,13} 
C = :{3v9,T5rl7,2i} 
D = {9,-^17,21^25} 
:1 = :(|> 

-Ca)> Indicate the intersection of sets^ A and B. 
'Cb): Indicate the intersection ^df^ s^ ?B and :D., 
Indicate the inters^ set§ C and. A., 

(d) Indicate the intcirsedtidri and E. 

Ce) Indicate the intersection _6f sets A'i Bj and G;, 
^ Answers :- 

.a)^ 0=^0,3-^91 . Ay.t-=.^ 

b) G = {9} e) C = {3;9} 

: c): = :{3,9}. . 

I Instead of using set intefsectionKof 

; A and B, the^ansWer^ a) could'be Writte^^^ = tl ^^,9} 

and simriarly\fof the femaining^^^^^ 

* /Gp/f^^^P^: Meaningrof disjoiht set^; 

C3) If two, sets have n^^^^^ they af^ siid 

f tq^be disjoint setsV ^iTie intef section "^fvdisjdintVslts, 

^ is the.nuir set. 

I In ^eddh - of the rfolldu)ingi indicate whether*- - or not 

\- sets AsdM-. B a^^ 

f Ca) A = {1,3V4,5} Jhd Ef %K2,4^^^^^ 

I (b) A-= the set of natural' numbers Vless- than: 1 0 . 

I : P - the :set^6f riaturai^ h 

\ Cc) A := the set :of aljl even n^ 

\ _ B = the set: of 01 odd natural numbers. 

J Cd) A = the seKof aiKriumbcrs ^^^^^ and less 

t thari»8. ^ ' ^ - . 



B = the-set of ai r numb^^^^ than 6 . 

(e): A. = the set of all even niimbers . 
; B = {0};; ; 
Answers :: :(a) No, tke'y are hot ^disjoint. 

(^) Y^^, they are disjoint. 

(cj Yes i they are-dis jdirit . 

(d) .No,, they are not disjoint :. 

(e) r No, they are not disjoint; 
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Venn Diagrams 



Sets^.may be represented^ pic tori^^^^ by the use: of /a rec- 
tangle to represent the universal set with circles to represent 
subsets of the universal sets. T^rc; are five possi^^ of 
repr e s en t ing p i c t or i ally a./un i v e r sal - set and xmo^ sub sets of' the 
universal set,. 



Set A-and set B are 
disjoint sets. 



(2) Sef /A and set tB have an 
intersect ion but are not 
propetl ,s»ibse_ts of .each other. 



"(3) Set A' is a. proper subset 
of set fe:. 



(4) Set B is a proper subset of 
set A, 



























if 
















If 











(5) Set-'A anH set B- are equal 
set s , Th ey are subs e t s -6 f 
each other* 





u 
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Pigure:il 



Figure III 



Pigure^ i 

Aik pupils tp perfom the following exercises. ^ 
In Figure I shade in the arcci that represents 'the 
Onion :dil sets arid^B^ 

In iUgure II ,.;s^ the ;area ihat ^represents 

the interseptibh 6£ sets and' B^^ 
Jh Figure lit, shade in, -the^ afea^ that represents 
the :unioi^ of sets /A.tTmid 

-Jri 4\igure III, shade im the .arfa-thai represents^ 
the intersection: of sets A aSdJ B^ 
^In Bigufe \l y shade in_ the area that represents the 
union sets A arid^B.. 
In lUgufe I sJiade in the area ;that-rep^ the . 



(a) 
(b) 
(c) 
(d) 
(e) 
(f) 
%%) 



intersection b£ sets A. and: B'; 
.In; F^gyre ;I^ -s^^^ in the; afea^^t^^^ 
intersection of set A and -tfie universaT set^ 
I" ^4^"?? ^> ^J^adp iri; the afea^ that represents the 
-union offset fB-ajidi the iinw set . 

Answers : 



(a) 





(c3 r 
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Below arc pictorial representations of a universal set and 
t hfcc subsc t s of the uh ivef s a 1 s et , with s cvcfa 1 uH ions and 
intersections shaded: in.- 



The i h t cr s ec 1 1 o h 6 f set A w i t h ^ 
set B. 




the union of set A with set B. 
A U Bv 



The union of set B with set C; 
B U C; 



the jhtersectioh of set B and 
set C. 
=B n C. 
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The unioh'of set A (or any set) 
with the universal set 
A U 



The union ;of set C and the 
union of sets A arid -B. 
(A-U 10 U C. 




The intersection of set C with 
the intersection , of sets "A aiu! U. 
(A n^B) * 




Couaep t: P i c t o rd a 1 r epr cseh t a t i on of t lire e hm t iia 1 1 y i n t p r - 
sect ing sets. 



At the left is a 
Verm HTagram represent injt 
thg universal set and 
subsets A, B^i and C. l/i^t 
the elements^ ( in this case , 
the numerals) found within 
the unions and intersections 
1 isted below; ' - 




(a) 
(b3 

(d) 
(c) 



A U B 

A U C 

B n C 

A n c 

C U B ' 



(f) 

(r) 

(i) 
(.1) 



A U B U C 
B U £/ 
AH B 
A n (/ 
AH B-n C 
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11. SYSTEMS OF riUHERATION 



ConvKpi: A .vjistcn of mmevation ic a i^yoUm uacd fksn^ nurMva. 
Sy^tvin*; of nunicration developed a5 a result pf the necessity 
for counting. Students may enjoy sPjcrt ili sens s ions on, the 
^'AypMan, Babylonian, and Roman systems of nuraerat Ion before 
*^\!^y'?JI Hindu-Arabic system, .Students should be awar<' 
that other systems of numeration cxistcd^efbre the-d 
systcmj, :but too great an emphasis should not be placed on 
these .systems. 

At this level, students should be taught to distinjiuish 
between monb^v, an idea, or concepVvhich is independent of 
language ^ and tnmci*aZ, or to name a^nufflber. Kc 

could-write any 6f the follpKing s\Tnbols to represent :th is 
number of stones -r o o o o: 

IV, nilv four. l^ 10-6^, )6:x^^^ 5; * |> 

(C) * .2) ■ \ ' 

Qymrto^OftO'^covveopo^idmac exists if exactly one thing or 
object is match^d-with exactly one other thing or object. 
Four letters and four mmbers are in a one-to-one corresp^n- 
derice as ifoirows: 

a b c d 

111? 

2 S 

It is^casy to find examples c>T sets that canrbe put into 
a oiVe-to-one correspondence: for example^, chairs r- desks, 
f 1 oor room ^ f 1 ag -r c 1 as srqom and s t a r — s t ate . There i s 
also the possibility. of a one-tormany correspondence and a 
ma ny -to -one c o rr e s pond enc e ; for examp 1 e , t ca ch e r t o i t uden t s 
and desks to classroom, respectively. 



Tallying 

As jnan's possessions increased he needed some way to keep 
track of them, lie did this by tallying -- he made a narki or " 
a notch oh a stick, for each item he had. lie might have used 
1 1 1 1 1 1 1 1 1 1 1 1 1 (15) to represent thirteen objects 

A short introduction to the Egyptian and Roman systems 
would provide some historical, background to show that our 
deci«al system was but another step in the 'deveiopraent of 
numerat ion. The elementary grades have provided some work o- 
the ancient number systems. Charts of the S)T»bbls and-theii 
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values may be made. No uTittch work should be aissigiied, biit 
some piipi Is might enjoy doing some as enrichment., 



Egyptian NumeraU 

the Egyptians grouped/thc taliy s>Tnbols so that each 
ten would be rc{>resentcd,as A ; thi?> 9^ course^ inmediately 
made their naming o£ numbers simpler.^ They used the foilou-iiig 
svihbbis to name their numbers: 

1 "a 9 I I 

4: - 4 1 00 1 > 000 i b , 060 

vertical- :hcel-b6nc coiled: lotiis. ^^9^^ 
staff -rope flower fingeh 

The Hgypti an -numerals could be rcpeated^^and were additive. 
So thcit to i-eprcscnt forty-twd th^ous.^^^^^^ there Hundred 
seven ty-slx,- the Egyptians wotild^write :. 



HI I A A Ay^ 

Eva 1 iia t in g ; from- f igh t 1 6 : i ef t y ic 1 d .< : 

^ IpiQOP^* 16,000- 4^ ibiOpd + 10v060: = 40,000 

I :f ; = i:;poo 4. i ,ooo- • , = 2 ,000 

9 9*^ ^_ .100- + aoo + 160 = 300 

r\f\h 

nAAn = 10 + 16 + 10 + 10 + 10 + io + 10 = 70 

ill ^ ' _ ^ 

-I I I = 1 +1 + 1 + 1 + 1 + 1: = A 

42,576 



-Roman ^Numerals 

T Roman humeral^ system i^ another system of numeration 
The Rbiiuin system used these symbols: 

^ -I y % i e D M 

1 5 10 50 iop 500 ^ igpo ^ 

This system is repetitive, additive; siibtractivey and 
muLtiplicative as shown in the. -foilowihg examples; 

XXX = 10 + lu + 10 = 30 (show repetition and addition 
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IV = 5 - 1 = (shows subtraction) 

V = 5,000 (h line oyer hi mifncrn 

tipiics its vniuc by lOOOJ 

E:i:evdises wh i c h may b c li s cd c n r i c hmcn t ; 
Wi^ite in Hi}idu^Ai\zhio nutr.evdls: 



(c) 9 9 9 t 



AhsKcfs: (a) 50^501 ;(bj 2^435 
Cc) I ,300 



Tlvita in Egyptian mjneydlsl 

(ay 147865 .(BJ §20 (c) 10^004 

Answers : (a) n/:^^^ 

— ~~" AAA <)9 ^9 

99 99 
f*') AO 9«)999 



(a) XXV' (b) MDCCLir (c) MCDXXVT (d) XI.IV (o) 

(a) 2,009 (b) 468 (cj 7,304: (d) 10,000 

The Hindu-Arabic or Decimal System 

In the systems of numeration described above new symbols bad 
to be introduced for lar^rcr numbers. The bbautv of our Hindu- 
i\rabic system is that we use only ten symbols of ditrits to write 
any number - 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. Therefore, we call 
this the decimal system of numeration because the word decimal 
comes from the Latin decern, meaning ten. The fact that we are 
able to write any numj)er usinji only the ten di^rjts is accounted 
for by two thinji:5: (I) the zero, used as a placeholder (was 



19 



ihtroduced betwccri 600^800 A.p.) and (2). .he idea of place value; 
The digits as we know them today: were not in complete use until 
the invent ion of ^pr int i ng ; 

There are ten symbols- probably because we have 
on our hands.; ifhe decimal system is also called::base ten. The 
terms bdse, scales and rtiiw: all mean the- same thing. 

Cardinat nwnbers arc used to tell how many; {3,4^5,6} has 
four -ciements andi its cardinal number is four; Ordinal ra^ 
are numbers ::used; to name arppsit ion;, four is the secphd^hiOTbe^^^ 



Place Value in ;the b_ec^^ System 









p. 






X 


X 




X 






X 


X 


X; 




x: 


x- 






: X 


:X ^ 




X 


Xi 




x| 




;x; 




;x^ 


x; 




^x: 




^X 




X; 


X: 




X ; 




x; 




X 


X 




X* 








X 


'x- 




x^ 








X? 


X- 























the significance of the lUhdurAfabic system 

lies In the concept of -place>yaluei Suppose 

we want to-represent the numb the 

left;- Ke .would count 4 groups of: ten; and 3 

ones, and we would write d^^ 

represent the = number of -x's as 43, where 

4 X 10 > 5 X 1 = 40^t 3 = 43 thi£ also shows 

that this system* of humeratioh 

TKe numerar iO one-zerdV in= the decimal 

system means one ten anc^ rero pries of 1 x 10 + 

0x1. ft is wclT to note that in any base,. 















m 






7^ 




fxT 








- X 


X 


X- 


X 


X 


X- 




X 






Xi 




X 




X 


X: 


;X 


-X 


x 


X 


X- 


X- 














x^ 


P 




X- 


X: 


_x 


x= 


X 


X 1 


x: 




X; 




X 


x^ 




jx: 




-X 


X; 


X 


;x: 


Xf 


X- 


^x^ 


x 




.X] 






^x 




:X: 


X 


X 


x^ 


X 


:X_ 


:=Xt 


X ; 


X- 


x^ 




rX 




X ; 


X 




X: 


X 


X 


X-r 




X 




X ^ 


X 


X" 




x: 




X 


X: 






X 


X 


X 




X 


X 


X 


X 


x^ 




:x 




X 


X' 




x- 


X 


X 


X; 




X 


X 


i .X 




X 




?x 




cx 


X 




x^ 


. X 


X 


X. 






W 






w 










\2) 








V5/ 







decimal system ten is not fepreserited 'by a new digit ;^x; new synibol 
but only a cbmbinatipn of two digits already used. This is impor- 
tant since later on in base five^ for example, the student must 
Realize that there is no numeral S. To count the number of x*s 
above, we count and group by: tens. Hfe will have twelve tens am 
four ones, but when we have ten. tens we call this one hundred; 
We then have: 

12 (tens) + 4 (ones) = 1 (hundred) + 2 (tens) + 4 (ones) 
» or 

1 X 100 + 2 X 10 + 4 X 1 
and we write this as 124 and read it as one hundred twenty-four 
(not one-hundred mirf twenty-four). 

20 



The place values in base ten would be: 





teni 

thousands 


thousands^ 


hunr l 
dreds: 


tens 


ones : 
of 

units 


tenths 


hiihf 
dredths 






L0,000 


1,066: 


100 


10 


1 ^ 


1/ ^ 
^10 ' 


= 100 ; 






ii6*ip-i6-iO: 


i6-io-i6 


io/i6| 


10 : 


y ' 


1 . 
:10 


_J1l_ 




: 10-10: 



The . places X b t h c r i ght 6 f the one ' s ; p 1 a ca are wh at we comrion i 
ca? J3^c decimal places, although alf the-p decimal places 

bccau sc they • i ndica t e -powers b f ten ; i t i s> nob siif f ici ent to say 
mu 1 1 i p 1 cs b € t c ri ^ It i s i mport a nt t ha t we- are aware of the pa 1 1 ef n 
-ir^the table involving the factors pf ten^ the thfee dots tb^ the 
1 c f t and f igh t m e an that t h e t a b le 1 s cp n t i nu ed i hdef i n i t e 1 v ; 



Writing a Numeraf as a Ppiynbmial and 
in Pbsittonal Notation 



Concept: Wpitiftg d nmerdt as d-poly>ipmial is the same as writing 
it as a>i expanded numeraii 

Example 1: Write Z$5 as a poZynomiat op as an expanded 
nivneraU 



Answer: 



3 X 100 + 8 X 10 + 5 X 1 



385. 



The same numeral written in posiiioyial notation is just 



Example 2: Write 14 69 as an expatided numemt. 



positional notation 
1469 



expanded form 
= 1 X 1000 + 4 X 100 + 6 X 10 + 9 X 1 
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WH ting,. Reading , and Spelling Numerals 
In Decimal Notations — 

Concept^: In fomuig the nwnerals we usuaiiy wvite the digits in 
groups of thvee (periods)^ separated by eotri^ms for convenietice 
-in veadiyxgi this numeral 

541 i46Zi328v913^ 



wouidr.bc read as five hundred forty-one billion, four hundred 
s ix ty - s even mi 1 i i on , three huhdr ed tiyeii t y -e i gh t t h ousa nd , nine 
Tnmdfed tkirteen; (Notice: the^wfiting-of pur-m^ . 
gro^Sps of three thiis^makes them in a« certain sense based on one 
thousand . )- 



:^ -Numeral: , 


tRrefix__ 


Meaning pfc 
jPref ix:, 


Other famrliar words containing 

"the stem-6r*prefix. . , 


-billion 


ibie 


2 


tbi eye j e ,==bicuspid , biceps i i 
bimonthly' ^ 


triliipri 


tri- ' 


3 : 


trio, ^tripiets , triple 


quadriliion 


quadf- 


4: : 


" qiiadr a ng 1 e , qu ad ri late fa 1 , 
quadruped 


iqulntillioh 


qiiih- 


5 


quintet, quintuplets, quinary 


-sextiilion 


sex-" 
or 

hcx- 


6 


sextet 


septill ion 


sept- 
OX 

hept- 


; 7 : 


September., originally 7th-mo_nth 
before Julius' July and 
Augustus ' August 


octillion 


:oct- 


8 ^ 


October i octave 


nonillion 


non- 


9 


nonagon 


decillion 


dec- 


io 


decimal , decade 


-undecillion : 
duodecilliori- 






See Webster's New Collegiate 
Dictionary , 
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As rhcntiohcd before thef word a^2i is not used at all- in 
number-, but Is reserved vfor ^ 
5!^cimal point in a numeral such as 329.47i which is read three 
hundred twenty-nine 4>wf forty-seven hundredths; The numerals 
between multipics of ten, except for one through twentv, are 
hyphenated , as in forty-five and ^ninety-two; three ^hund^ 
P?? v Since-humbers expressed in- bi l l ions arid 

trillions are-scen iri the heicspaper almost every day, we 
should be fami liar with the preceding fable p.f /num^^^^ names 
(which would nake a good Latin. afessdri):; 

Can ccnyona redd, the nmemi 18,446,7^4 ,07 

Students are amused= by seeing siich- a Udhg numeral-. 'It may 
.also be expressed: as 2^^ ^ j% Tt'is ifead eight^eri quiritiilioh", 
four hundred forty-six. quadrii lion, sevehJhuridred-fortyrfouf 
tfilliqriv severity-three bVliibh, seven hundred nine mU fiye 
hundred f if ty-one\th6usand, six hundred fifteen; 

Factors J Exponents: 

. Exjjorieri^ts are introduced at this point to facilitate the 
.writing: of a riumerai- in expanded: form as ^ w^^ later 
on in scientific notation. 



Concept^ Factors of q py^oduah ay^e nmbers wfiioh,. when miltipHed,- 
g-vve the pi>oduot. :li1 ihis uriit the factors wi l l be .members 
of the set of natural riiimbers; Tri the example 2 x 3 ^ 6, 

2 and 3 are factors of 6 because when we Multiply 3^ the 
product is '6.^ Tn^this' unit a fdotov of a given yiumbe'r ^may he 
said to be a natural: number which will divide that glveri 
number without a remainder; one and; the .given rnumber itself 
are always factors of the number. Tri the example above, 2 is 
a factor pf 6 because 6 v 2=3, a natural number; 3 is also 
a factor of 6; 4 is riot a factor of 6 because 6^4 will not 
give a whole riuifiber as the quotient ; In the example 2*3»3»5 = 
90. (the -dot here means the same thing as the earlier multipli- 
catiori sigri, "x") , 2 is a factor of 90^ 3 is a factor of 90, 

3 agairi is a factor of 90 (3 is a factor twice) ^ arid 5 i s a 
factor of 90. Any product cori'taining one or more of the 
factors 2, ,3, 3, or 5, used rio more times than shouTi here, will 
alsp-be a factor of 90." :ln other wordSi if 2«3»3*5 = 90,- a 
list of all tiie factors of 90 would- be 1 , 2i 3, 5, 2*3, or 6, 
3*3 or 9, 2*5 6r 10; 3*5: or 15,- 2*f or 18, 2*3*5 or 30, 
3»3*5 or 45, and 2*3*3*5 or 90. Wheri a. factor is repeated as 
5*5*5, we can write this as 5^. this mehris that 5 is used 

a factor 3 times (not that 5 is multiplied by itself 3 
times), arid is equal to 125. In the two-examples below express 
the powers in factor form arid as a product. 



Example 1: 



•2 •2 -2 -16 



(not 2*4 = 8) 
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Example 2; 



,10f 10*10 =,:1000, 



In 10^, the^ is Wfittenrsmaller than the 10, and is Written 
above; and to the right bf; if . the ^ is called ah ej^^rienty the 
10 is the base,. 10^ 6f .l666 is a power of ten^ (in this case the 
third power of ten) and 10^ is read 10 to tJ^^^ third: power. 

Concept:- An exponent indiodtes '^hov) many times # «se the Base a 
faatdr (riot howcmany times we multipiy the base '^^^ itself):; 
Exceptions are the first power: which lis always equal in value 
to the base: ive. 10^ = lO; =5^ = 5; ind the zero^power. which 
i s ;a i ways eq lia 1 i n; y a 1 lie to one : i ; e : 1 0^ = i 5 ^ = V- 

Further iiiustrat ions d|;p^^^^ are -given in the 

tablel (Note that usually .in..typewr*itfen copyi/the-exppnen^^ 

is only rolled^Up>ah printed; smail^ as^ 



INumber 


Exponents 


Base 


Read as : 


Meariihg ; 


Equals 




I I 


ip: ! 


: ten t6-:the 
r fourth^power' 


ip*ro*10vl6: : 


iQ,6po 


Y ] 


2 ] 




6 square (d)r 
\ or 6 'to the. 
^ second power ^ 


~- ' * . ~- 
; 6*6 


36 




: 3 


: 2 ' 


. two cube(d): 
i or tw6= to *the 
third power : 




8 




. 5 \ 


3 


three to the 
fifth .power 


- 3*3*3*3*3- 


243 




• 1 


; 8 


- eight to the 
first power 


8 


: 8 


5° ': 


0 ^ 


5 


: five to the 
^ zerOipower 


1 


1 



The valiies assigned to the first and zero powers of a base can 
be made "reasonable" by developing a pattern, though- this is not 
a »'proof". 
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Example r: i*f 5 = i25,. then. 5^ = 



SxSxbxb = eSxSxS) x5 = 
\^ 125:x 5^^^:625„.,,, 



Bxdinple 2: .If 5 = 15,625,-5' 



;15, 625.1:5^^5, 125j 



Example 3: ;if = 25,, 5^ = :Q|^|f^3]- 



-1 



e 4:. If 5. = ,5^ 5- = : | , 5/lf^5 IS] 

Conaept; If the exponent is increased % l^, the -new value Is equal 
i^d the pi^evidus mlue^m the base. If the exponent 

is decreased by h,.the new value is equal to the previous 
value divided by the base-* 

e S': if 10^ 106,^10^-^ [gioorj3br=:a^ 



-Sample -6: If 10 = 10^ 10 = |: : lO-L.lO-'^^ ' 

A ' numbe r t hen may be wr i 1 1 en ;i n t hf e e ma i n way s : 

1; Positional notation: 274 

-2. Polynomial or .expdMed fom 2x1 00 + 7 x io + 4x1 
3.- Exponential form: 2- x 10^ + 7 x 10^' + 4 x 10^. ^ 

Concept: SQientifio notation is a method of writing nwnbers as a 
product of a number between one and ten and d _ponoer of ten. 

1. 30 = 3 X N 
%=N,10. 10^ 

30 = 3 X 10^ 

2. 400 = 4 X M 

Mo . N H 100 = 102 

/. 400 = 4 X 10^ 

3. 5000 = 5 X N 
^=N= 1000 = 10^ 
; *. 5000 = 5 X 10^ 
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After practise, students will begin to verbal the counting 
off rule, let them discover it - do^not feed it to them! 

Work in -bases other than ten/should be dht^ ^ 
strengthen an Understanding, of the ^decimal system for the less able 
students , and as- enrichment for the more capable ; Excessive ,t ime 
spefiV^oi"? ^P9^ati^^^ in othef .baseis would be better u^ed iri 
practice in our own system of numeration; .Purely as enrichment 
material: - addition, s'ubttaction and multipiicat^XP^^ in=^^6ther bases, 
are ihol^mv Basic work on systems other than base ten is how a part 
^qf most elementary school mathematics ^program^^^ therefore a 
minimum of r5teachirig should :be necessary ^ 

bi gi ts in^^Vari ous Bases 

Concept: The number of digits used in any- one of the vdvibus 
bases is the same as the base mcnhev-* Tor example ^ bqse 2 
-uses 2 digits i (Oiarid 1):. The digits used are : 

base 2 (binary system) r O,^r: 

base 5 .(qiiihary system) : 6,^ T, 2 ,. 3 ;, 4 . 

base 8 (octal system) :. b^ ^ 3, 4^ 5, 6 , 7/ 

_base 10 (decimal system): 6, 1, 2^/3-, 4,/5, 6, 7, 8, 9 

=base 12 (duodecimal system) : 0, i, 2,-3, 4,. 5, 6, 7, 8^ 

9, t„e 

Place Value fables 

.Place value tables for some 6£ the ;wh61e number places in 
V ar ibii s bas e s> woii 1 d 1 ook 1 i ke t h i s . 



Base ten _ 



positional 
notation - 




-lOiOOO 


1,000 


100 


- 10 - 


1 : 




factors 




10x10x10x10: 


,10X10X10: 


10x10 


10 


1 




exponents 




10'* 

0 




lO** ; 


-10^ 


10° 





26 



I 



Base 8:.place vaiues: as equivalent, numerals in base -ten 





: 4096 


512 ^ 


64 


8- 


1 








; 8^8-8 


: 8*8 


' 8 








: 8' ■ 








0 






Base . S place^values, ai,.equiv 


aient^riumefais in \ 


)asej_te 


n 




625 


; '125 : 


25 : 


] 5- 


: : 








5 •5*5- \ 


5-5 


: 5 


-i^ ; 






: 5^ 




^ 52 5 




;- 5r * 






_ Base .2 places 


vaiues^as-equivalent nuirierr 


il s:_inib 


ase^te 


n: 




16 


8 - 


4 


i 2 


I 1 






2»2-2-2 




2-2 


; 2 


1 








2' 


2^ : 


2' 


: 2° ! 





Concept: To change anwneval in dny other base to a base ten 

HwncvaL It is important for students- to remember that place 
values are dependent on the base. i.e. 

234six = 2 X 6^ + 3 X 6^ + 4 X 6^ = 
2x 36 +3x6 +4x1= 
72 + 18 + 4 = 94 
27 
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Concept: To^ change d-nmeraV from base ten to my c other base* 

There are three methods which may be used to convert 47ip» for 
Example , into a nijuneral in base 5 . 

Exdmp Ve 2: 

bvcoi) a picture of this problem. 



X X X X X X X X X X 



Now group these 47 x'sih base 5 
X X X XXX X X -X X (which we have done before) ; We 

X XXX X X X X- X X group them- in :5-' s j then =25 ' s if 

X X xx x X X X x X necessary i when grouping la^^ 

X x XXX x: X amounts. 



:lx25-+- 4x5 + 2x1 
^142^; 



47 



10 



1-42, 




(X X X_3rx) 

(x^x X 



Method 2:. 

Since we know the place values iri>;base 5^^ a^^ 125^ 25, 5j 1^ 
we can -ask, hdw mdnxj 125 *s are in 47 iq? None. Hdw-mny 25 's? 
One. Therefore we will have a 1 in the 25*s jpiace. 

Emphasize that if they put the 
place values above the coluitms 
it will be simpler 





^25 


5 


1 











47 ^-TT- 

^25 = 1x25 
22 

-20 = 4x5 

-2^= 2x1 

0 



47 



X 



10 





2S 


5 : 


. 1-: 






i 


4 


2 
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Subtracting 25 from 47 we get 22, We find no groups of 25 in 
22. W^iat can we get? Fives,- How rna^iy groups ofjfive in 22? 
Foiir. Therefore we» 11 have a 4 in the fivers place, and 4x5 s 20; 
Subtracting ^0 from 22, we get a differcriccof 2, There are no 
fives in 2^ but we have 2 ones; the 2 then goes in the one's place. 
Subtracting 2 from 2 we get zero and our problem is finished. 



Method 3: 

k X: X- X) ^ X, X X^ x) 

fx X X x/x) Cx XX X x) 

(X\X X X x) (:X XXX x) 

Qc x-:x x:^ Qc;^ -X x"^ 

X X X X): X X 



-Divide 



9 r 2 



Vhat does^this^ **qUotient" -0' and 
vemaindev 2 mean? This"quotient" 9 
;shows there are 9 groups, of 5 arid 2 
ones remaining. Can we show this 



on -the diqgvam? Yes (sec above, left j ; How oamwe find the number 
of gvoups of 5^five8 (ov 2S^8) in 0\gvoup6 of_ five (or 45)? 



if \ 


XXX? 


_Cx:x 


X. X X} 


,x.x 




(x X 


X - X x) 


jTx 


xxrx) 




X jC -X) 



Divide 



, 1 r 4 



Qc X X X "x) X X 



^7^at does -this '^quotient 2, and 
vemaindev 4^mean? This **quoticht** 1 
means there i.s fl. group of 25 with 4 
(the remainder) groups of 5 left over; 
we also have the 2 ones left from the first division. If we divide 
again by 5, what will that tell us? 

0_ r 1 

The question asked by this division is , how many- S^twentyr fives 
(o'v 225*0) are contained- in 2 twenty-five. What does- the ^'quotient'* 
0 and rcmindev 2 mean heve? The "quotient" 0 means there are zero 
groups of -l^S-'with 1 group of 25 remaining. Do we have to divide 
dgainZ No, for all further divisions will give quotients of zero, 
WJiat then does the vepeated division by 5 ^ as a whole ^ tell us? 



Answer: 

0 r 1 - 

STT r 4 



1 4 



If? 



The remainder 1 is the number of 25»s 
The remainder 4 is the number of 5*s 
The remainder 2 is' the number of Ts 



In other words the remainders are the-digits in the numeral we 
want; the vemaindev in the fivst division is always the digit in the 
ones place. 
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i 



Method 3 way also-be^done in the following form 




Where the Temainders are rrad 
as shown^ 



Trans1ating=^Fr6m Any Base To Any Other Base 



Concept: Change the nmcval from the given baoe to base tciu 
change the baac ten numet*dl to the desired bad^*- 

i;e. ^'^^scven *^^''*se four numeral 

146 83 » 1103^ 

seven four 

A method for convert ing from one base to another : without 
conversion to base ten coiUd make a j»ood:^ enrichment topic for in- 
^^9P?'^^9^^ 4pv 9 Ippmcnt. 

Exarnplo: Change S'A^j^ to a bane S mmeral. 

Tlie converting; is done by diyidinu the number written in the 
original base by the new base number to which the conversion is 
J)e i ng mad c - t h e n cw b as c iiumbe r mus t also be exp re s s cd o f a « a 
numeVal in the original base 

i.e. 5 in base 7 is 5, hence the divisor when changih|» base 
7 to base S -is 5. 

8 in base 7 is II, hence the divisor when changing base 
7 to base 8 must be 11. 



The division is then performed in the original base with the 
method consistent to that of changing from base ten to another 
base. 



Base 7 



X 








^- 


4^ 


5 








0 


0 


0 


0 


0 


0 


1 


0 


1 


2 


3 


4, 


5 


6 


2 


0 




.4 


6 


11 


13 


15 


3 


0 


3 


6 


12 


15 


21 


24 


4 


6 


4 


11 


15 


22 


26 


33 


£ 


0 


S 


13 


21 


26 


34 


4i 


6 


0 


6 


15 


24 


33 


42 


51 



45 



'ML f 



Let b a base number 



2£ 
34 
34 



f 0~j -» 1st Remainder = b digit 



6 
42' 



I 3 | -» 2nd Remainder » b digit 



30 



rn 3rd Remainder a b" digit 



0 
0 



Q]. 4th. R^!aair;ler ^ b"^ digit. 



324^ ^ ilA*^5 



Check 



U30. .USj^ 
324^ . 16Sjo 



Addition In Various Bases 



Excunplc: /idd in haac $: -IS^ 



i-tethod T: May be done Kith th jsc of an addition tabic; 
Base 8 . _ 



- ♦ 


.0 


: I 


i 


5 


. 4 


5 


: 6 


_ 7 




.0 


I 


' 2 


. .5 


■4 


5 


6 




I 


I 






/4 


S 


6 


:7 


10 


i- 




5 


.4 




6 


7 


10 


11 


_ 5r 


•5 


4 




6 


? 


10 


11 


12 


4 


4 


: 5 


6 


I 


10 


n 


12 


13 


5- 


5 


6 


7 


16 


ll 


12 


-IS' 


14 




o 


? 




a 


12 


IS 


IT 


l5 


T 






n 


l2 


13 


14 


IS 


16 



or: 

t'*cthod 2: 



40 ♦ 3 ♦ 20 

40 ♦ 20 ♦ 3 

60 ♦ 12 

60 ♦ 10 ♦ 2 

70 ♦ 2 



♦ 7 

♦ 7 



I 

^38 



72, 



43 Of course we do hot go through all this, we think: 

•►27 3 + 7 = 12, 1 eight and 2 ones; the 2 (ones) go in th*^ 

^ one's place^ the 1 (eight) is added in the eight's 

43 place (commonly called carrying). One t^ight plus 4 

+27_ eights plus 2 eights is 7 eights; '.the 7 eights goes 

2 in the eights place. Our siim therefore is 



1^8 



Subtraction. in. Various Bases 



Concept: The important thing in siibtrqctign is that in 'borrowing" 
or better "regrouping or "exchanging", ve work with whatevei^ 
base we are in, not necessarily ten. 

Method 1: Subtraction may be done using the addition table; if 
subtraction is done by the additive method. Renaming may be 
necessary. 

i^e. 64g Ask: What^inust be added to 28 to yield 

"^8? From the table we find 28 + 28 = 48- 
„, 8 What must be added to l8 to yield 68? 

.From the table we find Is + 58 = 68- 
"Then: 528 is the difference; 



Ask: What must be added to 78 to yield 
18? Upon inspection of the addition table 
we find there is no base 8 number which 
may be added to 78 to produce the sum Is- 
Renaming is necessary. 

6l8 = b03 + l8 = 508 + ll8 Ask: What must be added to 7$ 

-178 = -108 78 108--^ 78 to yield lis? Upon inspection 

4^8 + 28 = 42.<5 of the addition table we find 
23 + 78 yields llg- ^Vhat must 
be added to lOs to yield SOs? Since the zeros in this case are place 
holders, only the 1 and S digits must be considered. Upon inspec- 
tion of the table. Is + 48 = 5s, the answer then to the problem is 
40s + 28 = 42s. 

A check may be made by adding or changing to base ten, adding 
and changing back to base eight. 

Method 2: 

Example, Subtract, base 8: 61 

-17 



"8 
-178 



32 



Think: 



61 = 6(8) + 1(1) = 5(8) + 1(8) + 1(1) = 5(8) + 10(1) + 1(1) = 
5(8) + 11(1) and 17 = 1(8) + 7(1) 

Then: 5(8) + 11(1) 
-1(8) - 7(1) 
4(8) + 2(1) 

Therefore: 

61 = 5 11 and since 11 - 7 = 2*in base 8, 
-17 -1 7 

61 

-17 . ~ 
Answer : [ 42$ | 



A picture would look like this: 



X 




X 




Q\ 










X 




X 




X 




X 


[x 






X 




X 




X 




X 


X 




X 


X 




X 




X 




X 
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X 


X 




X 




X 




X 


X 




X 


X 




X 




X 




X 


X 




X 


X 




X 




X 




X 






X 


\^ 












15/ 









Multiplication In Various Bases 



Method 1: Using a multiplication table. 



Base 8 



X 


0 


1 


2 


3 


4 


5 


6 


7 


'6 


0 


0 


0 


0 


0 


0 


0 


0 


1 


0_ 


_ 1 


2 


3 


4 


5 


6 


7 


2 


0 


2 


4 


6 


10 


12 


14 


16 




0 


3 


6 


11 


14 


17 


22 


25 


4. 


0, 


.4 


10 


14 


20 


24 


30 


34 


5 


0 


5 


12 


_ 17 


24 


31 


36 


43 


6 


0 


6 


J4 


22 


30 


36 


44 


52 


7 


0 


7 


16 


25 


34 


45 


52 


61 



2138 
10548 



33 



9 



Method -2* Using the distributive law* 215s x 43 



213 

X 4 
14 = 4x3 
40 = 4x10 
1000 = 4x200 



'or 4(213) = 4 (200 ♦ 10 + 3) 

= 4x200 + 4x10 + 4x3 
= 1000 +40+14 



Answer : |^1054}^ | 



Answer: 10548 

Sets of tables for addition and multiplication in the various 
bases should be constructed and used by pupils. (For the less 
able student in mathematics, the base ten multiplication table 
may be made and used in the everyday class situation* Many times 
a student understands how to do an example, but gets lost because 
o^ a lack of knowledge of the fundamental combinations - especially 
for multiplication.] 



1. Abacus. The following electric abacus could be made for the 
binary notation, the materials needed woiild be 7 Christmas bulbs 

(110 volt) and sockets 
and a, piece of wood 



The lighted bult would then represent a 1, the bulb off would 
repre?ent a 0; thus figure L would represent 00101 IO2 or just 
IOIIO2. 



2* Him* This ancient game for two may be played with sticks, 
pebbles, buttons, checkers, or any other small objects* The 
counters, say checkers, are arranged in three rows* The two 
players alternately remove checkers according to the following 
rules: (1) In each play one player may take away checkers- from 
only one row. (2) He may take away as many checkers as he wishes 
but at least one* (3) He may take away a whole row if he wants 
to. The player who takes the last checker wins the game. The 
number of counters in each row doesn't matter. For example, 'let 
us play with 3, 5 and 7 checkers in the rows. The arrangement is 



Additional Enrichnent Activities: 




Figure 1 



to outlet 



about one foot long. 
Depending on their type, 
the sockets could-be 
mounted on top of the 
wood or underneath • 
In either case, the 
lights must be of the 
type which may be con- 
nected in p^allel; that 
is, when one is turned 
out the others will 
remain lighted. 
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shown below in figure 2 with the binary representation of the 
number of counters; 







0 


0 


0 




1 


1 


0 


0 


0 


0 


0 


1 


0 


i 


0 0 0 


0 


6 


0 


0 


1 


_r 














2 


2 


3 










Figure 2 












0 


0 


0 




1 


1 




6 


0 


0 


0 


1 


0 


0 


0 0 0 


0 


0 


0 


0 


1 


1 


1 



2 2 2 



Summing the l*s above (in 
base ten) we get 2, 2, 3. 
This combination is odd 
since it contains an odd 
•number (3) i In order to 
•.win the game we must leave 
our opponent with an even 
combination (all even 
numbers or zeros in the 
sum). If we remove one 
counter from any row, say 
the middle one, the result 
will look like that in 
figure 3. 



Figure 3 

This leaves our opponent with o o o 11 

an even combination (2, 2, 2) o o o o 10 0 

and we will win no matter what o o o o 10 0 

our opponent does. Let us con- 2 11 

tinue the game to the finish. 
Our opponent takes three checkers 
from the bottom row, leaving us 
with 

If we take all the counters in oooo 100 

the top row, we leave our op- oooo 100 

ponent with an even combination. 2 0 0 

Our opponent takes all the 

checkers in the top row, leaving oooo 100 

us with an odd combination. i o 0 

We just take this whole row including the last checker and thus 
win the game. If we have an even combination our opponent must make 
it odd at his move. If the game starts with an even combination and 
it is our move we just have tx, play ;ind hope our opponent makes a 
mistake (assuming he doesn't know how to win every time). If the 
gcimc starts with an odd combination the first player can always win, 
otherwise the second player can always win. This game can also be 
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played at the chalkboard. The teacher may want to take on the 
whole class before asking them how Nim is related to the binary 
system. 

3. The Towev of Hanoi. This is a very interesting game or 

puzzle, consisting of a board with three pegs and 6 discs as 
illustrated in figure 4. The pegs arc one-quarter inch dowels 
about 4 inches long, -set into three holes; - the 6 discs are 
one^-half inch thick varying frbm a 2-ihch diameter doi^rh to a 
three-quarter inch diameter in steps of one-quarter inch. .Each 
disc has a five-sixteenth inch center hole. 




Figure 4 



On one -peg rests a number of the discs arranged so that the 
largest is on the bottom, the next smaller on top of that and the 
next smaller one on top of that one until the smallest one is on 
top. The object of the game is to transfer all the discs from 
one peg to one of the other two pegs by: (1) moving only one 
disc at a time and (2) making certain that no disc is evev allowed 
to vest on one smaller tJtan itself » 

If we start with only one disc, it takes one transfer to move 
that disc to another peg. If we start with two discs, it takes 
three transfers, the smaller disc needing two transfers, the larger 
disc one transfer. In fact, the largest disc will always need only 
one transfer, if the moving was done in the least possible number 
of moves. Tlic interesting table below shows the number of discs 
to start, the number of transff^rs each disc makes, and the total 
number of transfers for the given number of discs. 
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Number of 
discs on 
£ee at start 


Number of 

makes 

fsmU.es.t. 


transfers each disc 


Total Number 


1 










2° = 


1 


2 






2^ 


+ 


2° = 


3 


3 






2^ 


+ 


2° = 


7 ^ 


4 






2^ 


+- 


2° =^ 


15 


5 




2 + 2 + 


2^ 


-+- 


2°= . 


- 31 


6. 


2'. 2'. 


2^ + 2" + 


2 


+ 


2°. 


63 


h 










2° = 


2" - 1 








+ 





From the table we can see that with four discs to start, 
the smallest disc moves eight C2^) times, the next larger disc 
moves four {2^) times, the next larger two*C2^) times and the 
largest disc moves once (2^) . The total number of transfers 
is 2" - 1 or 2^ - 1 or 15. 

Is there a way of telling which discs to move each time? 
Yes, using the binary system. Suppose we start with four discs. 
Number' the discs one to fouVy from smallest to largest, then 
number the moves (2^ - 1 - IS) from one to fifteen and place the 
binary numerals next to the move number (sec table 1). 

Each place in a binary numeral represents a disc. The one's 
place represents disc number one, the smallest disc; the two's 
place represents disc number two, the next larger disc, and so 
forth. To find which disc to move, go over from ri^ht to left 
until a 1 is reached. If the 1 were in the third place over, we 
would move disc number three. 

Now that we know which disc is moved, we must decide on 
where to move it. If there are no other digits to the left of 
the 1 (the disc we are going to move), as at move 8, we place 
the disc on the peg with no other discs on it. If there are 
other digits to the left of the first 1, count over to the next 
1 Cwhich represents a larger disc which has already been moved). 
If there is no zero or an even number of zeros between the I's, 



37 



as at move 6, the smaller disc goes on top of the larger disc, 
to which the next 1 refers. If there is an odd number of zeros 
between the ones; as at move 10, the smaller disc goes on the 
pe^ not containing the larger disc to whi"ch the next 1 refers. 

Table 1 gives the instructions needed to transfer the 
four discs. 



Table 1 



I 


1 


Move disc 1 (smallest) onto empty peg (no digits 


to 






left of the 1) 




:2 


10 


Move disc 2 onto empty peg (no digits to left of 








the 1) 




3 


11 


Move disc 1 on top of disc 2 (no zeros between the 






Ps) 




4 


100 


Move disc 3 onto empty peg (no digits to left of 


1) 


5 


101 


Move disc 1, but not onto disc 3 (odd number of 








zeros between r*s) 




6 


110 


Move disc 2 onto disc 3 (no digits between I's) 




7 


111 


Move disc 1 onto disc 2 




'8 


1000 


Move disc 4 onto empty peg 




9 


1001 


Move disc 1 onto .disc 4 (even number of zeros 








between l*s) 




10 


loip 


Move disc 2, but not on disc 4 (odd number of zeros 




between Ps) 




ii 


1011 


Move disc 1 onto disc 2 




12 


1100 


Move disc 3 onto disc 4 , 




13 


1101 


Move disc 1, but not on^disc 3 




14 


1110 


Move disc 2 onto disc 3 , , ✓ 




15 


nil 


Move disc 1 onto disc 2 (final move) 
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III. THE SET OF NATURAL NUMBERS 



'Ilie set of natural (or counting) numbers is defined in this 
outline as: {1,2,3 ..J 

Properties , of the Natural Numbers 

Concept: The natural numbers are closed under addition and 
multiplication^ 

In working with the natural numbers- we find certain things to 
be always true. First, if we add tvvo natural nuinbers,^ the sum is 
always a unique natural niimbefi Tfiis property is called closure; 
we say the set of natural numbers is closed with respect tb addi- 
tion. There are sets of numbers which are not closed under addi- 
tion; for example, the set of odd numbers {1,3,5,7 ..J is not 
closed under addition because 1+7 is not a member of the set of 
odd^numbers. .The set of natural numbers is not closed with res- 
pect to subtraction, for 8-9 is hot a natural number. The set 
of natural numbers is also closed with respect tolnultiplication; 
for example, 4x6 = 24, a natural number. The set of multiples of 
5, {5,10,15 ...} is closed with respect to multiplication but the 
set of natural numbers <10 is not closed under multiplication. 

Concept: Addition and multiplication of natural numbers is 
commutative. 

The next property to be discovered is that if we add two 
natural ,numb,ers, it does not matter in what order we do it; to 
illustrate, 3+4=4+3. This is the commutative property and we 
say addition is commutative (reversible). 

Multiplication is also commutative, 3*5 = 5*3. There are 
also operations which are hot commutative; for example, division and 

subtraction are not, for it i -r and 4-1 i 1-4. 

Z. o 

Concept: Addition and multiplication of natural nimbers is associa- 
tive* 



The next property we are aware of is the associative property. 
To add the three numbers 4+2+3, we are using a binary operation and, 
therefore, add them two at a time. We then have the choice of 
adding 



(4+2) + 3 
6 +3 



or 



4 + (2+3) 
4 + 5 



In either case the sum is the same and we say that addition is 
associative or tlie associative property holds for addition. In 
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general for any natural numbers a, b, and c, (a+b)+c = a+(b+c). 
As we might imagine multiplication is associative. » 

(2*6)*3 I 2'(6'3) 

12 -3 = 2* 18 

36 = 36 

Notice that When we use the associative property, the order 
of the numbers stays the same. Thus 



To Prove:, (Z+A)+6 jL3-t-(6j-4) 
(3+4) +6 = (3+4)+6 

(3+4)+6 =^ 3+(4+6) associative property 

(3+4)+6 = 3+(6+4) commutative property 

Neither subtraction no division is associative. 

Concept: Multiplication is distributive over* addition for the 
natural numbers. 

The distributive property involves both multiplication and 
addition; multiplication is distributed over addition. Thus, 
3*(5+4) = (3*5) + (3*4) or (3*5) + (3*4) = 3*(5+4) represent the 
distributive law. A picture of this is shown below. 

the general form of the distri- 
^.^-^.^^^..--^ * ^r-^JL— -V butive law is a*(b+c) = a*b +a«c 

( □□□□□ □□□□ * = 

3 ] □□□□□ □□□□ 
C □□□□□ □□□□ 



This postulate is probably the most frequently used (consciously, 
at least) of all the postulates. Below are four applications of 
the distributive property. (The algebraic applications in the 
illustrations (1) and (2) are intended for 8th grade use.) 

(1) In multiplying by a one-digit numeral: 

12 

x4 really means 4*(12j = 4* (10+2) = 

48 * = (4*10) + (4*2) 

= 40 + 8 = 48 

Algebraically this is analogous to multiplying a binomial by 
a monomial. 

x*(y+3) = x*y + x*3 = xy + 3x 
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(2) In multiplying two two-digi t -numerals : 



38 
x24 

32 
120 
160 
600 
912 



or 



4*8 

4-30 
20*8 
20*30 



24*38 = (20+4) ..(30+8) 

= (20+4) '30+ (20+4) -8 

= 30 -(20+4) +8(20+4) 

= (30»20) + (30M) + (8-20)+(8-4) 

= 600 f + ^120 +160 ^ + 52 

= 912 



AlgebraicallV this would be analogous to multiplying two. bino- 
mials such as: 

(ax+b) (cx+d) = (ax+b>cx + ax+b) •d 

cx(ax+b) + d(ax+b) 

acx^ + bcx + adx + bd 
2 

acx + (bc+ad)x + bd 

(3) In factoring we- use the reverse form: a*b + a»c = a*(b+c) 
Notice that a is a factor of a»b and also a factor of a*c; 

(4) In division, we think of 8•^2 or better f =[[X] as 2*|"T1= 8. 



9 

In another example 2)_ 320, this is the same as = pT^ 



300+20 = I ?_ \ in other words 2» rri= 300+20 
2 ' 

The answer to ^ is 150+10 or 160. 

• 484 100+80+4 .. _^ u . . 

in -y- = ^ — we can divide each tern by 4; in other words, 

find a common factor of 4 in each Jerm, if we can, then 

^J122f2l}l 4.(100.20.1) " 

= 100 + 20 + 1 = 121 

Concept: The identity element for multiplication of natural numbers. 

Another important property of the natural numbers is that there 
is only one natural number which when multiplied by any second 
natural number results in a product which is identical to the second 
number. Of course this number is 1, for if n is any natural number, 
then n*l = n. The number 1 is therefore called the identity element 
for multiplication (in the natural numbers there is no identity 
element for addition because there is no zero in the natural 
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numbers). From the identity above we can also write 

— = n:n = n»i- = — •n = 1; where — is the 
n n n ' n 

reciprocal of n. Notice any number multiplied by its reciprocal is 
one. Of course there is no number j_ in the set of natural 

n 

numbers so this relation finds its use later. However, there is 
no number J_ when n = 0. It is also true that n- = n and l** = 1. 
n 

Concept: The successor of a number ' 

An important idea is the concept that each natural number 
has a successor which is obtained by adding IjV'ih other words, 
n+1 is the successor of n or the next higher consecutive natural 
number. The identity element is very important in division of 
the rational numbers. 

Concept: The cancellation law for natural numbers. 

In order that we do not produce negative numbers and frac- 
tions when we operate on the natural numbers, we postulate the 
cancellation laws. For addition the cancellation law is: 

if a+b = c+b, then a =c. 

For multiplication the cancellation law is: 

if a*b = c^b, then a c. 

(Notice that when we get to the integers, which include the negative 
whole numbers, we will not have to postulate the cancellation law 
for addition) . 

Concept: The natural numbers are ordered. 

The final postulate for th<. natural numbers is that of order: 
for any two elements a and b, one and only one of the three 
follov;ing statements holds 

(1) a = b 

(2) There is a natural number x such that a+x = b 

(3) There is a natural number y such that a = b+y 

This is another way of saying either: 

(1) a = b, or (2) a<b, or (3) a>b. In other words there is 
an order in which the natural numbers can be arranged. 
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Let lis sununarizc the properties of the natural numbers. 



Under Addition , ^ 


Under Multiplication 


Closure property: a+b is 
a unique natural number 


Closure property: aM> is 
a unique natural number 


Corjnutative property a+b=b+n 


Commutative property a*b = b*a 


Associative property a+(b+c) = 
(a+b)+c 


Associative property a*(b»c) = 
(a*b)*c 


Cancellation law: if a+b = 
c+b then a « c 


Cancellation law: if a*b = 
c»b than a ' c 






Identity element: there 
is a number I such that 
aM = l*a = a 




Distributive property: 
a(b+c) = a*b+a*c 
(b+c)«a = ba+ca 






Order: a = b 
or a>b 


or a<b 
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IV. THE SEl OF WHOLE NUMBERS 



Tlic set of whole numbers is defined as the set whose elements 
are the natural numbers and zero^ {0,1>2>3, .,,} 

Concept: The four opevatiom on whole nwrJ)ero are huiary. 

An operation in mathematics is usually undefined except to say 
it is a use of Clements in our set to designate a«<?t/;cr element 
in the aet* A binary operation is nn operation on just two elements. 
Addition is a binary operation; for example, in 3 ♦ 7 ♦ 5 wc add 
7 to 5, then add 5 to the siim, even thoujjh we might do this mentally; 
multiplication is also a binary operation. Taking a square root is 
not a binary operation but a unary operation because wc are 
operating on only one element. 

Since a mathematical systeni says nothing about the set of 
elements being numbers, the operations do not have to'be addition 
and multipliCiit ion as we know them, and these operations do not 
necessarily have to relate to each other (as the operations of 
addition and multiplication on the natural numbers do). 

Ke can think of addition as a combining of two sets of objects 
as in 00 ♦ oooo = oooooo or we can also 

^ 4 6 . 

think of addition as counting 

11 

WW 

2 

and our common nniltiplication is usually thought of as a repeated 
addition of like addends, as in 2x8 - 8*8 « 16. But again, multi* 
plication can be defined by the multiplication table and not thought 
of as being related to addition at all. ^tultiplication under the 
set of rational numbers cannot be thought of as repeated addition 

Conaapt: Some operations have inverses » 

Sometimes we do things, then undo them. For example, we open 
a door, then close it. Ke turn on a switch, then turn it off. The 
second operation is the inverse of the first one. Tlie inverse of 
opening a book is closing it. P/Jiat is the inverse of addition? 
Subtraction. The inverse of putting on your shoes is trtking off 
your shoes. The invei*se of *'y.(ttin[f on your shoes^* is koz^ "not 
putting on your shoes'* (this vould be the negation)* 
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ScUct the phi^asco hcloo that dcccHhc opa^aUono i:hich 
have iuvci^ceo atid vHtc the iwcviics*^ 

(a) Putting on your coat (c) Multiply 

(b) Hat an apple (no inverse) (f) Take off your hat 

(c) lake a .»;tep forward (jil Add 

(d) Smell a flower Oj} Jump from a plane in flight 

(a) Taking off your coat (f) Put on your hat 

(c) Take a step backward (g) .Subtract 

(e) Divide 

Concept: Subtvactiott is not conaidcvad a baHc opa^ation hut in 
defined as the invcvac of addition* 

Thus 8-5 B means 5 = *S. Note that 5 - S cannot De 

done for the natural or vchole numbers.. 

The relation between subtraction and its inverse, addition^ 
is used to check subtraction. To check IJO - 2 = 8 we write nn 
addition. ^ " ^-.^ 



Thus, in 8 ♦ 2 = 10 the result is the nuinT)cr we started with. 
This is how we check our subtraction, by addition. This horiiontal 
form should be used more often in all our work. Ke also think of 
subtraction as a process of taking away. 

Concept: Division also is not consiAevcd a hacdo operation , but 
in defined as the uivevse of mttipliea'^ion. 

Thus y « □ means 2xQl= 8- N'otc ti^nt |==CII1 cannot be 

done for the natural or whole numbers. 



If 8x5 = 24 

then ii » 8 

3 

Hcu" else do we think ahr^ut division? As a repeated subtraction* 
for example, ,^ 

- 5 

6 4 groups of 7> in 12 

- 5 
' 5 

- 5 
0 
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12 divided by 5 is 4 . 



Wtnte each of the following using the inverse opemtion 
(a) 18:6 = \—\ 



6 x[3J= 18 (I)) 12-Q]=: 56 



(c) ^= 7 

n 



□ .7 = 56 



□ 



(d) l-J = 42 
14 



14 



•42 =d! 



How do we read a division example? 5) 12 is read: 

12 divided by 3 equals what? 

What times 3 equals 12? 

3 is contained in 12 how many times? 

We can write a division four ways as 

(1) 8:2 (2) y (3) 2yT~" (4) 8:2 (ratio). Of these 

wnys, tlie fractional form — is most important because we use this 

form in writing; number sentences later on. IVhen the division 

|- is rend, it sliould be read as "8 divided by 2" or "what times 2 
equals 8?" Rend in c it as how many 2*s are contained in 8 is 
correct but reading it as *'2 goes into 8" leads to complications. 

Probnbly one of the areas in arithmetic which pupils (other than th.e 
mathematically gifted) Ind most troublesome is long division. One 
of the reasons is the 4-step algorithm, which the pupils do not 
understand (1 divide, 2 multiply, 3 subtract, 4 bring down). 

Look at the e.xample on the left. We can thinkQ-2 = 
864 or bow many 2's are contained in 864. In either 
case we can say about 400 2*s or 864:-2= about 400. Now 
400*2 = 800, leaving 64 still to be divided by 2. 
64:2 = about 30 and 30*2 = 60 leaving 4 to be divided 
by 2. This last division is 1 = 2; the partial quo- 
tients arc added to give the final quotient of 400+30+ 
2 - 432. This is much more meaningful than the older 
4-step process. 

Mad we divid ed 8 64 by 32, we could estimate the partial 
quotient or | | *32 = 864, say about 20 because 20*30 = 
600. Then 20*32 = 640 leaving 224 to be divided by 32. 
224:32 = 7 and 7*32 = 224. "Hie final quotient is 
20+7 = 27. 
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biv-idf in each ezample beloi} uaing partial quctients (in each 
cane ecturate ansuer fzvat)^ 



(a) !S).I52 



(b) 57)4.140 (c) !7)29S2 



Anavei*s: 4 
20 



20 
100 



70 
!00 



(n) !S) 452 



(b) 57) 4440 



fc) 17) 21187 




-5700 
740 
-740 



0 



->700 
I2S2 
-I 190 



92 
7 



452: IS = 24 



4440:57 = 120 



21)82:17 = 175 K 7 




Concept: The por,tulates Hinted for the >uxtitral nwnhers liold for 
the ickole numbers. However y the incliv.i^on of 0 giver, irn an 
identity ele:nent for addition. 

Zero nddcd to any whole number results in that same uhole number. 

i.e., a+0 = 0+a = a . 

Zero can usually be handled easily in the operations of addi- 
tion and multiplication and in the inv'cr.se operatio!> c-f subtraction 
to cive: 

(1) a*0 = a 

(2) a-0 = a 
(5) a -a = 0 

(4) axO = 0 = Oxa 

(5) 0x0 = 0 

I.el us look at the <M\Msion invoUMnt: zero in terms of the 
inverse operation multiplication. 

Thus ^= [ ? I me.'ins 6x | ? | = 0. I-rom (4) above the only solution 
is zero: therefore ^ = 0, or (6) ~ = 0 

Concept: ?he denominator of a fraction ^ay not he :\ero. 

N'oK for the example ~= j ? ] ; this means 0* ^ I = 7. Since 

by (4) above Oxa nust equal zero, there is no number which will 
make this sentence true. We say then (7) ~« no answer or 

impossible or we cannot divide by zero. Micnever we see a genera! 
divisor in the literature, we see n/0, which says that we cannot 
divide by zero. 
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The other possibility in a division would be ^ = | [ Tthis 

means Ox | | = 0. From (4) and (5) above, 0,1,2,..., any number 
will mal:e this sentence true; there is no unique answer. IVe say 

then (8) ^ = any number or is indeterminate or undefined. 



The Number Line 

The number line is a geometric representation * each number by 
a point on a line. There must be the same distance between the 
points representing successive whole numbers since the difference 
between the successive whole numbers is the same (one). The arrow- 
heads at the ends of the number line are used to show the lino 
can continue to the right and left (consideration of the numbers 
to the left of zero may be deferred until the Sth grade unit on 
integers.) The number line is usually horizontal, but may be 
vertical or oblique as well. 



^ — I — I — I — I — » — I y 

0 1 2 5 4 S . 




Concept: Piatuving addition on the mmher line. 
Show on the number liyie. 



L^H — ^ — 4 

< 1 1 ! 1 i 1 1 1 > 

0 1 2 3 4 5 6 7 

If we start at zero, go to the right 3, then to the right 4» 
we have gone to the right 7. To avoid the static nature of the 
numbers here, the 3 and 4 (positive integers) may be thought of as 
instructions to move to the right. The negative integers would 
mean to move to the left. Show 5-h | | = 7 on the number line. 
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t * * • ' • 1 *— > 

0 1 2 3 4 5 6 7 
Conaept: Picmvhig subtraction on the mmher line 
Show .6 - 2 = rj on the mwnbcr line: 

^ 



■i 



^ — • 1 1 1 1 1 1 i 

0 12 3 4 5 6 7 

or 2 + □ = 6 as the inverse ivould look like this: 



<— < h 



■4 



0 1 



— » — I — I — I — > 

2 3 4 5 6 7 



Concept: Pictuving rmdtipLication on the number line. 
Show 2x3 and 3x2 on a number line: 



H — I- 



2x3 = 6 
3 3 



H 




3x2 = 6 

Concept: Picturing division on the number line. 
Show 10:5 and 10:2 on a number line. 
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^ — 

0 1 2 5 4 5 6 7 S 9 10 11 12 




The braces above the number line show by successive subtractions 
that 2 groups of 5 are included in 10, the braces bo low the number 
line shoK' by successive subtractions that 5 groups of 2 are included 
in 10. 

Since there are various ways in rounding numbers, the method of 
rounding whole numbers is left to the discretion of the teacher. 



Mathematical Sentences 

A mathematical sentence is a statement using mathematical 
symbols, and may be either true or false, 

i.e. 8+5 =13 a true statement 
7+9 = 17 a false statement 

At this level, the definition of an open sentence should be 
simply, a mathematical sentence which contains a variable or place- 
holder. An open sentence is either true or false depend inu upon 
the numbers chosen to take the place of the variable. 

i.e. 6 + n =11 true if | | = 5, because 6+5 = 11 

false if I 1 = 8, because 6+8 = 14 

The replacement set is the set from which these numbers may be 
chosen. If there are numbers in the replacement set which make the 
sentence true, this set of numbers is called the solution set; if 
there are no replacements that make the sentence true, then the null 
set is called the solution set. The solution set is a subset of the 
replacement set. It makes a difference from what set we can draw 
our solution set. Suppose we have the sentence ^ Q = 5 and we 
want to find the solution set. If we are talking about the natural 
numbers only, the solution set is 0, the empty set or null set, 
because there is no natural number which when put in place of the 
box (or in the box) will make this sentence true. IFow^ver, if we 
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can draw from the set of iiitc.ucrs our solution set would be {-2}. 
The set from which wc can draw our solution set is called the re- 
placement set. Ulienever we work with open sentences we must then 
specify the replacement set. 

An identity is an open sentence which is true for all per- 
missible replacements of the variable(s). P.xamples of identities 



are: 



f*'^^ I = ^+ I I »^-e substitute a 4 in the box on the 

left hand side, we must also substitute a 4 in everv box 
in the sentence.) 

(I>) I 1 + A = A + 



(c) 5»(y+5) =5xy+3x5 
W t I +0 = 0 
(e) Axl = A 

N'ote: One use of frames such as A, and V as place holders has 

been recommended by leading nation-wide studies for elementarv 
school pupils and for the slower pupils at the junior high level. 
With classes of higher ability in the junior high sclvool, letters 
may also be introduced as placeholders or variables as in (c) above. 

Tell which of the following sentences are true, false or open. 

(a) 6+3 = 9 . (e) n+S = 20 

(b) n + 8 = 10 (f) 5x2 = 7 

in the first row. (g) is the tallest 

(d) 7+r> = II 

(h) 6+2 

(a) true (e) open 

(b) open (f) f^Tise 

(c) open (^) open 

(d) false (h) true 

Students should become familiar with the following symbols and their 
meanings when read from left to right: 

= means "is equal to" 

]^ means "is not equal to" 

> means "is greater than" 

> means "is greater than or equal to" 

< means "is less than" 

< means "is less than or equal to" 



student in the class. 
24 
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Practice should be given in reading mathematical sentence? 
containing these sxTnbols; such as, 5+2 = 7, 2+4 i 5+5, •l+3>5, 
7-4<6+2, 6<a, 10>b. A continued inequality, such as, 2+l<S<4+3 is 
most easily read from the middle as: five is greater th;;n (2+11 
and less than (4+3) . 

Divisibility 

A whole number is divisible by a second whole number, if the 
first can be divided by the second whole number without a remainder. 
The rules (for base ten) which should be discussed at tliis time 
are: 

1) A number is divisible by two if the last digit of the 
numeral is an even number. 

2) A number is divisible by three of the sum if the digits 
is divisible by three. 

3) A number is divisible by five if the last digit is a 
five or a zero. 

4) A number is divisible by ten if the last die it is lero. 
These rules are helpful in complete factorization. 

As enrichment the followine divisibility rules may be introduced: 

. A number is divisible by 4 if the number formed by the digits 
in the units and tens places is divisible by 4. 

. A number is divisible by 6 if the number is divisil)ie by 
both 2 and 3. 

. A number is divisible by 7 if the difference between twice 
its unit*s digit and the number formed by its non-unit digits 
is divisible by 7. Is 693 divisible bu ^? For 695, 5 is 
the unit's digit and 69 would be the number formed by the 
non-unit digits of 695. Then, twice 5 is 6; 69-6 = 65 
which is divisible by 7. Therefore 693 is divisible bv 

If a nmhev is divisible by 4 and 2, is it Kee^^'ssaiKlu 
divisible by 8? 28 is divisible by 4 and 2 but not divisible by S. 
The rule for S is similar to that of 4 except that lOOO or an\ 
number of tliousands is divisible by 8. 

. A number is divisible by 8 if the number formed by the units, 
tens, and hundreds digits is divisible by 8. 

The proof for the divisibility by 9 is rather simple. Suppose 
we take the number 452. This may be written 

4^100 + 3^10 + 2*1 = 
4(99+1) + 3(9+1) + 2 = 
(4 '99) + 4 + (3^9) + 3 + 2 = 
(4*99) + (3»9) + (4 + 5+2) 
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Since (4*99) and (3*S) are divisible by 9 and (4 + 5+2), the sum of 
the digits, is divisible by 9, the original number is divisible 
by 9. Notice also that if the sum of the dij^its of a number were 
not 9, or a multiple of 9, this sum would be the remainder when the 
number is divided by 9. In general, then 

lOOh + lOt + u = 
(99+l)h + (9+l)t + u = 
99h + h + 9t '+ t + u = 

(99h+9t) +h t + u, the part in parentheses 
is divisible by 9, leaving the sum of the digits of the original 
number. The rule then Jor 9: 

. A number is divisible by 9 if the sum of its digits is 
divisible by 9. 

The divisibility rule for 9 is the basis for the method of checking 
by casting out 9s. 

. A number is divisible by 11 if the difference between the 
sum of the digits in the odd places (units, hundreds, and 
so forth) and the sum of the digits in the even places 
(tens, thousands, and so forth) is zero. Thus 4796 "s 
divisible by 11 because 




sum of digits in the 13-13 = 0 

odd places 

4+9 = 13 

sum of digits in the 
even places 

. A number is divisible by 13 if the sum of four time the 
unites digit added to the number formed by dropping the 
unites digit is aivisible by 13. The process may be 
repeated several times. 

Thus 490 is not divisible by 13 because 49 + (4x0) = 49 is 
not divisible by 1^. 195 is divisible by 13 because 19 + C'^xS) = 
39 which is divisible by 13. 

. It is possible to test the divisibility by 7, 11, and 13, 
each, any, or all, by considering the number to base 1000 
(the usual grouping by sets of 3 digits) and usinc a test 
like that for divisibility by 11. See The Arithmetic 
Teacher, April 1961. 
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Primes 

A prime number is a whole number greater than one, which is 
divisible only by itself and one. A composite nnmher is a whole 
number greater than one, which is not prime. 

One interesting way of arriving at the prime numbers <100 
Is by using the Sieve of Kratosthenes. Can you gi^ess how the 
Sieve of Eraiostheyies works? Cross out 1 then all the composite 
numbers. This will leave the primes. The crossing out should be 
done systemmatically. Cross out 1, not 2, but all the multiples 
of 2, not 3, but all the multiples of 3, not 4, not 5, but the 
multiples of just the prime numbers. The prime numbers <100 
as seen below are: 

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37 

41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97. 



(rj)j^(0)>r>r;iri® m ^ 
;>r;^(25)>r:^5' ^ ^ 

(i^j j>r ^ ^ ^ ^ @ ^ ^ 

@ <>r ^ (yfc M @ M 

0^'@>^:J5^;J^^^(79) ^ 

M ^ ^ ^ M Jir 

^ ^ ^ ^ ^ ^ ^ 



The pi>ima factors of n number are all the factors of the number 
that are also prime numbers. A number expressed as the product of 
primes is the complete factorization of that number. Although there 
are only two prime factors of 56, 2 and 7, the prime factorization 
of 56 must be stated 2x2x2x7. 

Practice should be given to point up the difference between 
factors of; prime factors of; and complete factorization of a 
number. Thus, (1) factors of 12 = (2,6), (3,4), (1,12); (2) prime 
factors of 12 = {2,3); (3) complete factorization of 12 = 2 x 2 x 3, 
which may be stated as express 12 as a product of primes. 

Coyicept: The greatest common factor of a set of numbers is the 
largest factor that is common to the set. 

It can be identified by writing the factors of each number and 
circling the largest common factor. 

Find the greatest common factor of 12y 16% 28. 

The factors of 12 = 3 x0= 6 x 2 = 12 x 1; 
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Ihc factors of 16 = A x@= 8x2= H) x 1 
The factors of 28 = 14 x 2 = 7 x0= 28 x 1 

The j>reatest common factor is -l . 

Two numbers are said to be velativ^Ly prime to each Cw. if 
their gi'^atest common factor is one. 

Then, 15 and 8 are relatively prime since: 

15 = 5 \ 5 = 15 N (T) 
8 = 4 X 2 = S x(T) 

and the greatest common factor is 1 

If any number is multiplied by a whole number other than zero, 
the product is said to i)e a mutiple of tiie given number. 

i.e. 5 X 6 = 18, 18 is a multiple of 5 (and 6) 

Conoept: The least aonmhon vmliiple of a i'cc of niaritcvr the 
smalleot. comon nndtiple of the (>ct . 

(1) Consider the sot (3,5). List the multiples in a horizontal 

i ine : 

Multiples of 5 > 5 6 9 12 

Multiples of 5 > 5 10 20 25 

Then, 15 is the least commv^n multiple of {3,5} 

(2) Consider the set {3,4,8) 

Multiples of 3 > 3 6 9 12 15 18 21 (j4) 

Multiples of 4 V 4 8 12 K) 20 (24) 28 

Multiples of 8 >- 8 16 (^4) 32 40 48 56 

Tlien, 24 is the least common mnltii)le of {3,4,81 

A student could maV'^ a card with the first twelve multiples of 
I to 12 in a horizont..i arrangement to use for finding least common 
multiples, as well as for finding least common denominators. This 
is often a stumblini? block for him in .uldition and subtraction of 
rat ionals. 



Order of Operations 

Whenever there is more than one o?)erntion indicated we must 
agree upon the order in which they are to be done. This agreement 
on order of operations is the following: ^hi ! t ipl icat i on and 
division are done first, then addition and subtraction (from left 
to right). If \<o use parentheses or some other symbols of inclusion, 



55 



we consider wliat is within these symbols as one number and perform 
the operation within the parentheses first. If wo use more than 
one symbol of inclusion we start from the inner one first. In 
giving examples to the students, be careful not to get too involved 
with negative numbers. 

(a) 8x5-12:4 + 5 = | \ (Notice here we work from left 

2 + 5 - right on tlie second line; we 

57 . 5 = Answer: 42 ^^'^>' ^''^ ^''^^^ ^^^'^^ 



(b) 12:412 = rU 3 1 

3:2 = Answer: or l-^ 

(c) [4 + {(8x6)-3}) = 
[4 + {AS - 5}) = 

[4 + 45 ) = Answer: 49 

(d) 4x10"^ + 2x10" + 5x10^ + 6x10^ = | | 

4000 + 200 + 50 + 6 = Answer: 4256 

^""^ 10+2 ' ^'^'^ = lZ3 

, ^ - 

12 



3 + 2 = Answer: 5 

(f) 4 + 3x6 - 18:2 = | | Answer: 13 

(g) 12:-6 + 2x5 - 7 = | | Answer: 5 

(h) 2(3+9) - 6x1 + 3 = I I Answer: 21 

(i) [{6+(3*2)) - (36:9)) x 2 = | | Answer: 16 

The following material may be used to stimulate further 

interest in mathematics. It may best be used for enrichment. 



Magic Squares 

The importance of the magic squares at this level does not lie 
in making tliem, but in using them as motivation for working with 
tlie fundamentals. 
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A muRic square consists of tliffcrcnt numbers arrauRcd in the 
form of a square so that the sum of the numbers in every row, 
column, ami diajional is the same. Pigure 1 shows a magic square 
(tho simplest) which contains 9 oella (small squares) ancl is said 
to be of Oi*d^:' 5 (5 rows, 3 colnnms)- The 
intejiers liappcn to be consecutive, beginning 
wi th one. 



o 


1 


<> 


5 


5 


7 


4 


9 





I'igure 1 



The evidence of the first magic square goes back to China 
about 2200 BC and looked like this: 




l-igure 2 



which of course is the same one as in figure 1 except it has been 
inverted. The magic square below in figure 3 appeared in a very 
famous engraving called Melancholia by Durer 
in 1S14. This magic square has some remarkable 
qualities, such as: the date the painting was 
done, isn, is at the bottom of the sauare. 
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14 


1 




l-igurc 
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/ 
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12 




/ 


14 


IS 


\ 





The niiKic square of order 4 or 4n is made tnis 
wav. Draw the two diagonals of t!;o suuar**. In 
placing the numbers in the cells the first time, 
do not place one in any cell that lies along 
the diagonals. Start by coinitinj! from 1 in the 
upper left hand corner and completing each row 
from left to ri^ht. One is not placed because 
this cell lies on a diaKonal, the 2 goc-s in, 
, but not the 4. The r> goes but not the 6 or 7 (those 
cells lie on the diaconaU. The 8 goes in, the 9, but not 10 or 
11. The 12, 14, and 15, but not the 13 or 16 (see figure 4). 
Now starting in the upper left liand corner again and working frcm 
16 down, place the remaininK numbers in the cells the same way. The 
resultinc magic square whose sum is 34 is shouai in figure 3. If we 
start with 1 and use consecutive integers, the sum of every row, 
column and diagonal for a magic square of order n is n-^ + ii. l-or 

the magic square in figure S. ^ ^ = 34. ^ 



the 



Pigure J 
3 goes in. 
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13 
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11 


10 
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7 




12 
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14 


15 


1 



Questions such ;is those may l)e nskcd of the students. 

(a) Fill in the aclln WloiA tc tr,akc the fi(7Ui'c a tnapic aaauvr. 
(The numbers are arran>:etl so that the pupils U'i 1 1 not recocni-c any 
order, hut u-ill have to use the fact that the sum of one dij^conal, 
therefore the sun of all rows, columns and diagonals, will l)e known. 
They can then find the missing numbers in a row given fotir of the 
five numbers in that row.) 
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28 
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Answer: 


■ 5 


14 


20) 38 


SO 


4S 


10 






30 




AS 


10 


12 24 


36 


34 




3 


20 






34 


40 


sj 20 





The m^ic square above was made by starting; with 2, usinp, just 
the consecutive even numbers, rotating the magic square 90 degrees 
cotMiterclockwise, then removing enough numbers to still make it 
possible to complete. 



(b) Is 



9 


0 




10 


4 


15 


1 


5 


14 


10 


8 


11 


7 


12 


13 





thG_ following a mgic aquave? No. This is not a magic 
square l)ecause the sum of every row, column 
and diagonal is not 34. (The 10 and 1 were 
interchanged in a transposed magic square 
derived from figure fO . 



Figurate Numbers 



Another interesting topic related to addition of whole numbers 
is that of figurate or polygonal numbers. .Since the triangle is 
the simplest polygon, we will look at the triangular numbers. 



1 - 1 + 2= U2+3 = 1+2+3+4 = U2+3+4+5 
13 6 10 KS 



The triangle numbers are a sequence of numbers e^xli equal to a finite 
series of natural numbers starting with one. (Note: A sequence is 
an ordered set of quantities; for example, the triangiilar numbers 
and the whole numbers. A series is an indicated sum of an ordered 
finite or infinite set of terms; for example, 1+3+5 and U2'»'3-f... 
are series. 
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The squar • numbers arc equal to the series of odd numbers. 
Thus the sequence {1,4,9,16,25,..) which makes up the set of square 
numbers has the following equations: 1 = 1,4= 1*5, 9 = U3*5, 
16 = 1*3*5*7, ... 





H 






1 = U3 «= 




1 = 4 = 


9 = 


16 


j2 2^ 


3^ 


i 


,2 



The sum of two consecu- 
tive triangular numbers 
(6*10) is a square uujn- 
ber (16) as shown in 
figure 9. The penta- 
gonal numbers are formed 
by the series of every 
third integer, starting 
with oi»e. ^ 



1 = U4 e 1*4+7 = 1*4V;*10 = 

) 5 12 22 

Wiiat do m mean by multiplication? What does 2x3 mean? 
Multiplication is a short way of adding. 2x3 means 2 threes 
or 3 ♦ 3 = 6, The students should see the picture: 




3 + 3 = 6 

Notice the picture above is not the same as the one for 3x2 or 
3 twos» which would look like this: 




2 + 2 + 2 = 6 




S9 



The product is the same but the picture is different. 



Dpaw a picture of 4x6, 



Drau a picture of 6x4. 



o 
o 
o 
o 
o 



Co 


0 


1/ 


0^ 


(o 


. 0 


0 




(0 


<? 


0 




Co 


0 


0 




fo 


0 


0 




$ 


0 


0 


0^ 



Di^coj a picture of 2x8. 


Vrai) 


a picture of 4x 


^ooooooo) 




0 0 o) 


(o 0 0 0 0 0 0 0^ 




0 0 q) 


2 times a group of 8 circles. 


c° 


0 0 0^ 




(0 


0 0 o]) 



We could also draw these 

as little squares instead of circles: 



Missing Digits 

Restoration problems arc those which involve missin.e digits in an 
arithmetical example. 

Restoration problems may be given in the form below. In 
this type, two, or more than two missing digits in one column 
give more than one solution: 

(a) 6?49 6749 (b) ?62 562 

+?24? +9240 394? 3943 

?59?9 15989 ?8?7 8807 

?3312 13312 



Alphametlcs 

Alphametics are puzzles given as an exercise with digits re- 
placed by letters; each letter represents a single digit and the 
same letters represent the same digits. Find the numbers such that: 

H iiT C U S We will assume whole numbers only are involved 
^ V /S C U S although this addition ♦•^»rie decimal solutions 
P R E S T In solving this type of puzzle it is advisable to 

la/ out a plan of procedure, rather than try hit or miss methods. 
Let's solve this puzzle » 
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^ _ ^^o" observation, we see P<2. If P = 0, we will obta 

* : decimal solutions, which are possible, but with 

which we are'not concerned at this point. We will 

] assune that P = 1 then. If P = I , II = 9 or Ii = S, 

it II = 9 there can be no ten thousands from the pro- 
cessinii column because it would make R = 1 which cannot be because 
P = 1. If II - 9, R = 0. Since S gives us II C y r> 

5 digits in our solution we will now try to * \* 0 C U S 
find what S represents. \<c must actually p R ll s T ^ 

place each digit in its corresponding blank 

as we work alone, 2 

^ 1 

S / 0 for R = 0 

S / 1 for r = 1 10 



If S = 2 then J? = 4, F. = S, (1-^9 since II = 9) . But then C+C 
could equal neither 12 nor 2, /. S X 2. 

If S = 3 then 0 = 6, with one ten thousand for the following 
column which we showed cannot be, S X 3 

If S = 4 then 0 = 8, with one ten thousand for the following 
column which we showed can be, /. S X 4 

If S = 5, then 0 = 0, But R = 0, /. S X 5 

S = 6, 0 = 2 then 0+0 with one thousand from the previous 
column, gives n=5,C=8, U=3 * i i 

T = 7 and a solution. (If F. = 4, II J9' C U S 9 2 8 3 6 

then C = 3 and no value of U V C U . T J 8* 5" 6* 

wi 1 1 work) , 

PRnST0 105672 

If S = 7 then 0 = 4 , F = 8 , C = 3 wi th one hundred from the 
previous column, then no value of U will work. /, 7 

If S = 8, then 0 = 6 gi^-es one ten thousand more which we cannot 
have, A S X 8 S X 9 for II = 9, 

The same type of analysis for II = 8 can be shou-n to fail to give 
a solution. The one whole number solution then is 

92836 
12836 
105672 

For P = 0 the co"^rect solutions are 

0.18479 
0.08479 
0.26958 



.0,28479 
0.08479 
0..^695S 
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Some nlphnmctic exercises in addition (with solutions) are given 
below. 



(a) R (b) rrr (c) SUNn 9567 (d) IIAVJ: 1386 

R j;_V -^MORI: 1085 SOMP: 9076 

♦R l\TYY ^^^'I■Y I0652 nONriV 10462 
SR 

(e) rORTY 29786 (f) THRIir; 79422 (g) CROSS 96253 

Tf:N- 8S0 ^ POMR - 5104 ♦ROAD S 62515 

* TRN 850 SRVRN 82526 DANf^HR 158746 

SIXTY 31486 



(h) ADAM S5S4 

AND 805 

FAT; 626 

ON 50 

A 8 

Ri\FT 9871 
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V. THE SET OF POSITIVE RATIONALS 

Although a vatioyial monbev is defined as the quotient of' tu-o 
integers, p uhcre b 0, it is not recommcmled that the student he 
uiven this definition at this level. 



In the fraction j the -I is called the denominator (from the 

Latin "to tell by name**) or divisor and tells by name the size of 
the parts we are talking: about (here fourths) or we say it tells 
into how many equal parts the whole has been divided (4); the 
numerator (from the Latin "to count*') i or dividend, tells how many 
of those equal parts we are concerned with (3). The fraction line 
indicates a division. 

There are several interpretations of fractions that are im- 
portant. Fivct we can think of a fraction as a number having a 
position on tho nnnber line. Thus the fraction j renresonts the 
number whose position is shown on the graph. 

< 1 > ^ ! 1 1 1 1 ( y 



0 



4 1 



1.5 



Second, the fraction j represents the division 3:4 or 4)3 
and can be shown as 




which clearly points up the relationship j .x 4 = 3, as well as 
the relationship j of 3 things is the same as j of one thing. 
FimLhj, the fraction j can also be thought of as 3 out of 4 things; 
the shaded portion of the diagram below j of 4 things. 
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This idea of 3 out of 4, called a ratio, can be used- to show the 
equivalence of fractions. Thus in the diagrams below we can see 

^^^^ T " s ~ 15" * Usually when we write a fraction like j we mean 

three fourths of a whole thing. 
3 

4 




original unit 



It is important that we know that the whole thing is, because 
5 5 

J of 12 is not the same as j of 8. It is rare that we use the 

rational numbers in practice except that they represent a 
fraction of something. 



Subsets Of The Fractions 

The word, fractions, refers either to the number or the 
numeral. Various subsets of the fractions are in conunon use. 
Some are: 

(1) F-quivalent or equal fractions - those fmctions which repre- 
sent the same number; for e.vample, ij. y|. 

,1 12 

(j = 24* because l.x24 = 2x12.) 

(2) Simple or common fractions - fractions which have integral 
numerators and denomnators: ^, ^, 



5' 5' 1000 

(3) Unit fractions - simple fractions which have numerators of 



(4) Complex fractions - fractions with a fraction in the numerator 

or denominator or both: ^ — '> i- SLZ. 

3' y - 5' 0.5 
S ? 4 

9 
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(5) Similar or like fractions - fractions that have the 



7 1 8 

sano dcnoininntor : ^, ^, - 

0 0 0 



(6) Unlike fractions - fractions that have denominators which are 



not the same: 4-, |- 



C?'* Proper fractions - frac tion s in which the numerator < 

, . , 2 18 "1 ^ 
denominator: ^, 



(8) Improper fractions - fractions in which the numerator > 



, . o 5 / 

(tenoriinator : rr, ^, 



(9) Mixed number - the inferred addition of an integer and a 
fraction: thus the mixeci number 5% neans 3 + i=y+y = 
y as an innropcr fractio-*. 

(10) Decimal fractions - are fractions whose denominators arc 
powers of ten and are understood by the position of the 

decimal noint; thus 0.2 = .OS = 127.45 = 



100' 



(lxlOO)*(2xlO)*(7xi)*(4.K^)^(5xyl^) = 121^ 



(11) Per cent (%) - r. common way of naming a fraction which 

has a denominator of 100: thus S% = = 

100' 100' 

" TonT' = Too> = W 

If the numerator of a fraction increases (decreases) as the 
denominator remains the same, the value of the fraction increases 

(decreases); Thus y y 

If the denominator of a fraction increases (decreases) as the 
numerator remains the same, the value of the fraction decreases 

(incre;ises) ; thus |* ^ yy 



Simplifying Fractions 

Concept: The greatest Qormnon divisor of two whole numbers is the 
largest whole number which divides both without a remainder. 

In rewriting a fraction in simplest form (also use the 
e.xpressions : simplifying or reduci>ig to lowest terms), look for 
the largest whole number which will divide both the numerator an<t 
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denominator of the fraction without a remainder. The greatest common 
divisor is the same as the greatest common factor. The greatest 
common divisor is not always evident, but students can find it by 
factoring the numerator and denominator. Divisibility rules should 
be reviewed and the use of them stressed at this point. The mathe- 
matically less able students can make effective use of the following 
method of finding the greatest conunon divisor. 

When the denominator of a rational is the number 1, it is very 
common to drop the denominator and just write the numerator; for 

example, the rational •=- is commonly written simply as 6, and the 

rational j commonly written as 1. hTien the numerator of a 

rational is zero, it is very common to drop the denominator ant write 

the number simply as 0; for example j is often written simply as 0. 



The identity element for multiplication (one) plays an important 
role in expressing equivalent fractions in different forms, in 
simplifying complex fractions and in comparing the sizes of different 
fractions . 

In simplifying fractions we can think of dividing numerator 
and denominator by a common factor or as factoring the fraction to 
obtain factors of one, as in the following: 

^assumed factor of 1 , not 0 

a) 8 2'2'2'IM J_ 

120 " 2-2-2'3-5 " ^"^*^'l5 ^ 15 

b) 90 2 ' 5' 5' 5 15 

6 ■ 2 - 3 - 1 • 1 ~ 1 " 

It might he worthwhile to write 1 as an additional factor when 
each factor of the numerator (denominator) has been matched with a 
like factor in the denominator (numerator) resulting in a fraction 
which has a 1 in the numerator or denominator. 



both numei:ator <and denominator are even 
numbers, so two is a divisor (or factor) 

of each: ^= ^ 

Again, numerator and denominator are even 
'numbers, so two is a divisor (or factor) 

of each: i± = ^ 
2-9 9 



"•1 

Reduce the fraction rrr 
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Both numerator and denominator are 
divisible by three: 



ill 2 
?*3 ^ 3 

24_ 2 
36 ^ 3 

2A_ , 2 ■ 2 ' 5 ' 2 _ 2 
36 "2-2-3-5 " 3 



Increasing the \ems of a Fraction 

If we multiply the numevatov and denominatjv by the same number, 

as in 2^3c 4_ £, what have we done? We have decreased the size 

3x4 ~ 12 

of each part from thirds to twelfths, at the same time we have in- 
creased the number of narts from two to eieht. 

1 t 




Notice also that ^ = and we are really multiplying by one. 

Since any number multiplied by one is equal to the same number, the 

8 2 
fraction niust be eoual to -zr 
12 :>. 

_8 
12 
i 
2_ 
3 

To compare more easily the sizes of those fractions with which 
we are not familiar, we usually express them as equivalent fractions 
having a common denominator (or numerator). Per cents are used in 
this way I)ecause they represent fr«ictions whose denominators are 
always 100, Klien we look for a common denominator, vc are just 
looking for the common multiple of the denominators. To find the 
> 7 

common denominator of j aid — is merely to find among the natural 
numbers a common multiple of A and 10, 

The multiples of 4 are: {4 ,S , 12, 16,20 ,24 ,28,32 ,.>r>,40 , . . . } 
The .nultiplcs of 10 are: {10,20,50,^10.,.} 
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Hie set of common multiples of 4 and 10 is {20,40,60,80...} 



Notice that 4 and 10 have an infinite number of common multiples, 
the lowest of which, for the natural numbers, is 20. Now rewrite 
each fraction as an equivalent fraction with a denominator of 20 
(or 40 or any common multiple). Using 20 has the advantage of 
dealing with fractions having smaller numerators and denominators. 

To answer the question j = ^ ^ wo may think of the forn, 

3 ? ? 

^ X y =^j^ . We know wo must r^ultiply the fraction bv l (the 
identity element! in some other form. By what must we multiply 

4 to get 20? 5; therefore the 1 must be in the form ^. Then 
3 5 15 . , 2 2 4 

r . 4 , 15 , ^ 15 4 4 IS 

Comparing ^ and ^, we know that — > — or — < ^ . 

There are other ways of finding the lowest common multiple 
of two numbers without enumerating the multiples of each number. 
Find the lowest cormon multiple (LCM) of 84 and 45, First find 
the prime factorization of each number, 

84 = 2»2»3»7 



45 = 3»5»5 

' Then form the product which contains each distinct factor 
that appears, the greatest number of times it occurs in any one 
number. Tims the L.C.M. of 84 and 45 is 2*2*5'3-5*7 = 1260. 



Operations with Fractions 

Hither the vertical or horizontal form for operating with 
fractions may be used - however, it is suggested that the horizontal 
form be emphasized. 




3 

5, 
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Concept: Addition with unlike denominators: 

Add: i + i 
4 ^ 



Answer: A common denominator must be found. 




iVhile the lowest common denominator is the easiest to use, some 
students will be able to find a common 'denominator by using the 
following form which might not be the lowest common denominator 
but is acceptable. 

nis method follows tho rule: r + = 

b d bd 

i e. a) i . 1 ^ 2(51 ^ 2(3)_ 

10 _6 16^ 
15 * 15 15 

7 

simplified to yy. 

Concept: Addition of mixed nimhevs. 

Vertical Horizontal 



2-^6 ^ I 3 = ^ ^ J ^ ^ 3 



. 4 . 3 .l.i 



7 ^ = 8 f 6 6 

6 6 7 1 

= 7 f = 8 1 
6 6 
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Concept: Subtraction with like denominators. 



who 1 e 




5 

Concept: Siihtvaot with unlike denominators . 

As in additic, a common denominator must be found. 

4 6 12 " 12 4 ■ 6 " 4(6) " 6(4) " 24 ' 24 24 " 24 

which simplifies to 

Concept: Subtraction of mixed numbers. 
(A) Mixed number minus whole number 



Vertical Horizontal 

8t 8i--2 = 8 + i- 2 = 8-2 + i- 

- 2 1 1 
6+-=- = 6 



4 



3 



(B) Miole number minus mixed numh 3r 

I 

Vertical^ ^^-^^--^ — Horizontal 

4 



An alternate procedure for the vertical form may be used in B. 

Rule: Add the same fraction to both riumbers in order that the 
number subtracted is in the form of a whole number. 
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This involves the basic concept that adding the same quantity 
to tKO numbers leaves the difference between them unchanged. 



(C) Mi.xed number minus mixed number where fractional part of 
subtrahend is loss than the fractional part of minuend. 

Vertical Horizontal 

(1) 6| 6|-2i=6.f. 2-1=6-2. |.i 

I- A I 
'12 



1 '' 1 

-2 -. 4 + V = 4 i 



4i= 4i 
4 2 

.5,5 , 5 , 1 . 5 . 1 , . .< 1 

-"^ 6 = 6 ^ 0 - ^ 3 = * 6 - - 3 = * 6 - 3 

i=-3i 5-3 * ^. i= * 1= 2^ = i 



(D) Mixed number minus mixed number where fractional part of 
subtrahend is greater than fractional part of minuend. 

Vertical 



(1) 



0 

■2\ 



Mori zontnl 



0 

'J 



2^=4 



__4 
14 



. 0 . i 
" 2 



A - 



14 



14 



-14 = ^ 



11 
14 



A JL } 11 

14 ' 14 14 



_7 

M 



1 . ii= 1 ii 
14 ' 14 



An alternate procedure for the vertical form in 1) involves the 
additif«n of a fraction to both su!>trahend and minuend, so that the 
subtrahend is in the form of a whole number. 

Ill '> 0 

JV3 _±' J_ 

S 9- 
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Concept: ^Ultipliuation. of Nationals. 

Any rational may be rewritten in the form llius, .75 = 
^ 2 . 1 10 " 
- " T' 5 " ~ • 

Multiplication in the set of rationals can he defined as 

= The product of any two rationals is the rational 

whose numerator is the product of the numerators of the given 
rationals and whose denominator is the product of the denominators 
of the given rationals. 



Ilx .'imple 



Pi cture 



Shaded Portion 



Original Unit 




2 



Original Unit 



c 



1 P 3 
12x4- =!=.= _ 
8 8 2 




Original Unit 




l.S " Ts 



(4) 3 I X 1 I = 

7 5 55 
2^3" 6 



Original Unit 



y//yy//jy//////////////m 

V//.Y/y///my//////7/A 
y/yjY//j7/A7/Ay/ym7A^. 

m:v//y//jy/////Ay//y/A 
v/ymy//mmy//m 



1 35 
6 = - 
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If the product of any two lUmbcr ch is called the 

reciprocal of the other. hUltiplioaU is another name 

for reciprocal . 




Concept: Divi&ion of Nationals* 

'Hiere is usually n need for reteaching division of rationals. 
Iliorc are three ways to approach this topic: 

(1) We realize that a factor x a factor = the product 

a X !) B c 

implies that the uroduct « ^j^g otj^^j. f.-i^tor 

one factor 




a 



or 

S = h 



•lluis, 8x O = 2.t implies tha. 2£ ^ S or ^ = O 

□ S 



We have learned that for every n(n/0) there exists a number 

such that when multiplied hy ^ ^dves the product 1. 'Hiis number 

we call the multiplicative inverse of n or the reciprocal of n. 

'Huis n*~ c 1; specifically 



•Jxj = 1 where j is the reciprocal of A (and A is the 
reciprocal of ~) 

~ X J = 1 where 4- is the reciprocal of j 
(and J is the reciprocal of 4) 

In other words, any number times its reciprocal equals 1. 
N'ow \<c are ready to talk about the division of two rational numbers. 
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By the definition of division 



3 



□ 



9 ^5 
x ~ = 5. Since the reciprocal of is :r 



• ^ 9 



J S. Now, what times one = S? 5. 



5 X- 



So the number we are looking-for, the quotient 
of is in the box and is equal to 5 x j 



9 



5 15^ 

^ 2 " 2 



'ITie quotient of two rational numbers is the dividend multiplied 
'ly the reciprocal of the divisor. (J\\o division written in this 
form, using the symbol v, has the number on the left as the 
dividend . ) 



(2) The first method involves division as the inverse of 
multiplication This second way is showing that division is the 
process in which we find the number of times the divisor is con- 

4 's 

tained in <the dividend. Ket us study the question, hot) many j 

are contained in one whole thing? 

1 




1 (four-fifth) + J (of a four-fifth) 



l-rom the diagram we see that in one whole thing there is 1 (four- 
fifth) plus J (of n four-fifth) or Ij four-fifths in 1 whole thing. 

1 ,1 5 

5 
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1 1 ^ 

(the "J refers to of the unit wrtji which wc arc working, a 

not ^ \.) 



Notice that t is the reciprocal of 7-. In other words a number is 
contained in 1, a number of times equal to its reciprocal, 
1 

Uow many 2Js are. conta-ined in 1? 
5 




1 (|) i (of a h 



13, 23 
-r^ = y , because j * 9" 



1 



Uow many 3's ave contained in 1? 

11, - i 1 

because = 1 
^ ^ 3 



!!ow manv 4 ^ 



2's i4*s 

or — are contained in 1? 
:> 



1 3 , 14 ^ 3 , 

TT" = TT hccause x — = 1 . 
14 14 3 14 



Now we ask the question 5 :'j=?or^ = ? 

3 

In words, hoi:} many j are contained in 5? In 1 whole thins there 
are j of then, so in 5 there are Sxj 



15 



, as in method (1) . 



Again the quotient of two rational numbers is the dividend 
multiplied by the reciprocal of the divisor. 

(3) The third method of showing the division of two fractions, 
like the method of simplifying a complex fraction, involves using 
the identity element to. Increase the terms of the fraction. Thus 
2 4 

'• 7- can be written 



If we now multiply this complex fraction by the identity 
element ^or multiplication, 1, in the form H* * 



11 
1 



(where IS is the IXM of the denon»inators of the two 
75 



fractions), we obtain 



^ x 


15 






1 


10 


_ 5 


4 


15 


12 


" 6 


5 ^ 


1 







We could also have multiplied by 1 in the 
form 

5 

^ u 5 , ^ . ^4 

where j is the reciprocal of ^ 

T 



Properties of Positive Rational s 



Under addition 


Under multiplication 


Closure: a+b = a rational 
number 


Closure: axb = a rational 
number 


Commutative property: 
a+b = b+a 


Comirutative property: 
a*b = b *a. 


Associative property: 
a+(b+c) = (a+b) + c 


Associative property: 
a (be) = (ab)c 


Identity element: There is an 
element z in the set such that 
a+2 = a 

(z = zero for the rational 
numbers) 


Identity element: There is 
an element u in the set such 
that 
a*u = a 

(u = 1 for the rational 
numbers ) 


Additive inverse: For every 
element a there is an element 
*a such that 

a+*a = *a+a (*a for the rat- 
ional numbers is -a) 
* • \. 


Multiplication inverse: Por 
every element a there is an 

element a" such that 

-1 , -1 ^ 
a •a = a •a = u (a for 

the rational numbers is ^) 

a 




Distributive Property 
a(b + c) = (a»b) + (a*c) and 
(b+c)»a = (b^a) + (c*a) 





Another property of the positive rationals is the density property. 
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Com:ept: The density pvopevty states that ierveen any two r^atirma't 
nurntcys t-'^^vc is another vavioyial nwnlet*. 



fwvcii any two different rationals, it is always possible to 
determine a rational which is greater than one of them and less 
tiian tho other rational. For example to determine a rational that 

is greater than ~ and less than yy, replace each by an equivalent 

rational with greater denominator, thus — and respectively. 
"Hie rational —5- is greater than and les5 than Tliis means 

that is greater than yj- and less than yy. 

To determine a rational that is between ;:ny two given 
rationals, determine rationals equivalent to e.'ich of the given 
rationals such that the replacements have the same denominator, 

" a c ' 

that is, thev are in the form .— and r. If d is between a and c. 

d b b * 

then is between ^he given rationals. If a and c are consecu- 
tive, multiply the nunorator and denominator of each expression 

by 2 so that thev arr ^n the form ^ and The numerators are 

2b 2b 

now even integers. T*-re exists an odd integer that is between the 
two even integers, ^"^v•l this odd integer is placed over the common 
denominator, 2b, the cvpression is formed for the rational which 
is half way between the two given rationals. Between any two 
rationals^ therefore, there exists another rational. In fact, 
between any two rationals there exists an infinite number of 
rationals . 

Given any rational, there is no way of determining the next 
greater or the next smaller rational. If any rational is suggested 
as the next greater or the next smallrr, another rational can be 
proven to exist between that rational and the given rational. 

If there is no way of determining the next greater or the 
next smaller rational, then counting cannot be performed in 
the set of rationals in the same manner as it was in the set of 
natural numbers and the set of integers. liowevcr, as was pre- 
viously shown, certain subsets of the rationals, that is rationals 
with the sainc denominator, can be counted. 



Problem: Picture 
the insertion of 
three rationals 



4 



1_ 

2 



Answer: 



1 

T 



3 




between and 2 



T 



5 



9 
3l 
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Concept 
< 


• Ratioyial 
0 


nianhevs maij rww be added to 
1 2 


the 




~* — * — = — r 


1 1 1 ; 


— >- 




1 1 3 


25 21 






4 2 4 


16 8 





Conaapt: Simply fing complex fractions is analogous to the division 
of vationals. 



We may use the multiplicative inverse of the derominator to 
multiply both numerator and denominator. 



a) i i . i i 

^ 2 _ 2 2 _ ± 

2 oil 
2 



b) 



3*2 



18 
2 
6 
6 



1 . 1 1 

2 12 2 

4 1 4 

Concept: Base ten notation can be extended to wvite fractions in 
dec$.mal form. 

In any decimal numer'il each place isj—- the value of the place 

to its left and 10 times the \ ue of the place to its rij^ht. In 
discussions of the decimal fractions, place values, to the ripht 

of the decimal point can be presented as powers of -j^ in addition 

to naming them. Decimal fractions can now be written in three 
forms 

a) .625 positional 

b) 6x. l+2x.()l + 3x.0Ol polynomial or expanded form 

c) 6x,-4+2x — 4+3x— - exponent! al form 

10^ 10^ 
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^na-ipt : Wr^i^ i>i{f a aormnon fvaati^^y as a decimal fracrtion 



^ means 4:5 or 5) 4 . Since 4=4.0=4.00=4.000 ami 5 will 

not divide 4 an integral number of times, we use 4.0 as 40 tenths 
divided by S, tiie quotient being 8 tentiis. 

0.8 



S) 4.0 

'Hi ere is no question then as to where the decimal point is placed. 

If 4. OS is divided by S, we can think 40 S hundred tiis divided b)' S, 

wiiicii results in SO i iindredtiis , tiien 1 hundredtii , or 

01 4 
■g^ 0.81 as the quotient. In ciianging j to a decimal 



S)4.0S fraction we notice tiiat tiie decinal terminates, that 

4.00 is we get a remainder of zero (we could also tliink 

0? . 2 

■^^ of it repeating a zero.) Suppose we change y to 

a decimal 



. 2SS714285714 The decimal equivalent of y is what we call 

7)2.0000 ■ c -^ ^. 

an infinite repeating or periodic decimal 

because it never terminates and tiie digits 

9 



-1 4 



6u 
-S6 
40 



2SS714 repeat. Wo say y = 0.285714. 



-35 ^/e put a liyie over 28S714 to show th^t these 

50 digits repeat as^ a group. The period or 

-49 yiumber of repeating digits is 6. 



10 

30 
-28 
20 



I — ' • 1 

:r = .5 ... altiiough we usually write = 0.33:^ exprt^ssed as 

iiundredtiis 

i= .nil.'.. -- .1 ... 

9 _ 

:i - 999 - 9 
<) " " • *• • • ■ 

^= .22... = .3 the ninths being an interesting set of 

fractions. The sevenths art. also very interesting because the 
<lociinal equivalent is the same 6 digits repeated i)ut in a different 
order. 

79 ^ 



Concept: Any common fraction or rational nianber can he written 
as either a terminating or infinitely repeating deovml. 



Express ^ cls a decimal rounded to the nearest 

ten th: 0.7; hundredth : 0.67; thousayidth : 0 . 66 7 

^\lienever a division is asked for, the form in which the answer 
is to be shown should be^cleai , that is, whether to rounc^ off to 
a certain place or to express the answer as hundredths or to 
leave the quotient as a common fi'action. 



Concept: Any termhiating decimal may be easily iivpressed as a 
common fraction by the use of the place i alios ayid siwplifi 

Thus we can read, w.lte and reduce as follows: 



„ 9 , 2 9 

Expi^ess fas tenths: 0.6 -s- (6 and ^ tenths); 

2 ^ 
hindredths: 0.66 j (66 and j hundredths); 

9 9 

thousandths: 0.666 f (666 and f thousandths) 



28 
*0 



25 




25 
200 



8 




0.6;. = 





20 
30 



2 
3 




80 



Concept: Wpiting a repeating decimal as a common fraction. 



We see that we can write a terminating decimal a:; a common 
fraction, but can we write a repeating decimal as a common 
fraction? Yes, very simply. ^Suppose we want to find a common 
fraction equivalent to 0.434345... 

since x = 0.43434T. . . 

100 X = 43.434345... 

1 ^ I -0.454545... subtracting x 

99 X = 43 

99 

Find the common fraction equivalent to 0.2555... 
let X = 0.2555... then 
10 X. = 2.555... 
and 100 x = 25.555*... 

- 10 X = 2.555... 

90 X = 25 

X = 11 
90 

Concept: Rounduig decimal fractions. 

mien rounding decimals to a particular place, that place must 
contain the last digit of the numeral which is written. Any 
additional zeroes written would imply a rounding off to the' last 
place in which a zero appears. Neither may a zero be dropped if 
it is in the place rounded to. 

I^c'md 3.236 to the nearest hundredth 

Answer: 3.24 is correct 

5 240 is incorrect, for the rero implies a rounding tc 
the nearest thousandth. 

RoMid 4.39? to the nearest hundredth. 

\nswer: 4.40 is correct 

4.4GP is incorrect for the zero implies n roundini^ off to 
V thousandths 

4.4 is incorrect for the last digit, 4, in the tenths 
place implies a rounding off to tenths. 



Concept: Comparison of size of decimal fractions. 

Start with the tenths place and work to the right comparing 
the corresponding digits in each place.* If the pK.ce values . 
present in the numbers being compared are not in a 1:1 correspon- 
dence, zeros may be added to right of the last die^t written. 

Which is the larger, 0.1232 or 0.1136? 

0.1132 We must inspect digits in the ten 

i f t t t t thousandths place before a decision 

I I {- {- I i may be made. 

0 . 113 6 

Answer: 0.1136 is larger. 



I'/hich is the smaller. 0.6 or K62? 

0.60 Some students may need to place a 

I I I j zero in the hundredths place in order 

^ ^ J to compare. 

Answer: 0.6 is smaller. 



In order to compare sizes of common fractions and decimal 
fractions - the form of one type fraction must be changed. Do 
not insist that only changing the common fraction to decimal form 
is correct - it is (probably) the easiest - but changing the 
decimal fraction to common fraction fonn is just as correct. 



Concept: Addition of decimal fractions. 

In the vertical form like place values must be under one 
another. 

Only digits in like place values, may be added. 

Vertical Horizontal 

3 4 .SO 4 _34 . 
To * W " Too ^ 100 " 100 " 

. :>A 

It may be necessary for seme students to add zeroes as p)ace 
holders. 

i.e. .30 
+ ,04 
.34 



82 



Concept: Subtraction Oj decimal fractions. 



In the vertical form the place values must be under one 
another. Only digits in like place values may be subtracted. 



Vertical Horizontal 

9.o4 
-5.05 



9.04 or 9+4^ - 5 - -i- = 9-5+ - J- 

100 100 ^ ^ 100 100 



4.59 



4 + -ii = 4 59 

100 ^-^^ 



The rules for placing the decimal point in the multiplication 
and division of decimals may be given more meaning by worl '*^'' with 
the corresponding common fractions. 

^JtdHpliaation: .5x.l7= or ^xJJ=^=.085 



Division: .6)742" 6TXT or ^= ^iZilOO - E - _L - 7 
' .6 .6x100 50 ■ 10 ~ • 



VI. THE SET OF INTEGERS 



Concept: An integer is any element of .the set {..., 'Sy-2y-l yO,J y2y 
5,...) 

The numbers to the left of zero are called the negative 
integers. The positive integers »ire to the right of zero. These 
two sets of numbers and zero are the integers. 

-5-4-5-2-1 0 1 2 5 A 5 
— ;^ * ! ! 1 1 1 1 1 1 1 1 > 

Concept: The i^itegevs may be shown on the number line. 

The arrows at the ends of the number line indicate continuation 
in both directions. The sign which shows tha' a number is positive 
is a small "+", which is written in front of the number, i.e. '♦■2; 
the sign whirh shows that a number is negative is a small which 
is written in front of the number, i.e. "4. Parentheses may be used 
to enclose signed numbers to avoid confusion with operation signs 
i.e. (+2), (-4). 

In some texts, the signs and >re written in a raised 
position as "^hown: 

"5 or ■'"S 

This method of sign notation precludes the necessity for 
parentheses . 

"5 + +3 

In this outline, the signs will not be raised md parentheses 
will be used where needed. 

In common usage, the positive sign is not written, but in 
beginning work with signed numbers, teachers would do well to 
insist f.at it be used, at least until the students do not confuse 
it with the addition sign. 

Cone pt: "Zero is neither itive nor negative. 

IVhen the integers are arranged on a horizontal number line as 
previously shown, the direction from zero toward the right is callrd 
the positive direction and the direction from zero toward the left 
is called the negative direction. 

Concept: Wlxen the integers are arranged in the manner previously 
shown, any integer greater than any integer to its left. 

This means that 0 is greater than -16 and also is greater 
than -25. 
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In symbols: 0 > -16, and +3 > -!6 

Counting can be carried on indefinitely in the positive 
direction and also indefinitely in the negative direction. There 
is no greatest integer, and there is no least integer. 



Addition 

In the set of natural numbers, addition was defined as a 
counting opeiation. This same concept applies to the set of in- 
tegers, but the definition is now expanded. 

Concept: The definiHon of addition in the oet of integers 
involves L.,iree cases: (1) a -f Uh), (2) a -h (-h), 
(S) a -f 0 where a is amj integer, -hh is any positive integer, 
-Z? is any negative integer, and 0 is the integer zero. 

(1) The sum a -f (-hh) is obtained by counting consecutive 
nwrjbers from a in the positive direction. 

(2) The sum a -f (-b) is obtained by counting "b" consecutive 
numbers from a in the negative direction. 

(3) The sum a •h 0 is always tho number a. 

The use of a number line can be very helpful in introducing 
the concept of addition in the integers, and can be used by the 
pupils to advantage in performing exercises in such addition. 

Eo:amples 

(1) (+2) + (+4) = +6 

+2 

> 

-5-4-3 -2 -1 0 1 2 3 4 5 6 7 8 
^ < « « 1 1 1 \ * 1 1 j 1 j 1 . 



(2) (+4) + (-3) = +1 



+4 



-5 



-4 -2 
H H 



-2 -1 
H H 



(3) (+4) + (-6) 
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(4) (-2) + ,-3) = -S 



"5 
— H 



— h 



H H 



(5) (+2) + (0) = +2 



+2 



H H 



As the pupil contijiucs to perform exercises, he probably will 
soon realize that perfovming addition by counting is impractical 
where larger numbers are involved- Methods must be developed to 
perform addition in so^re manner other than couuri''g. 

The pupil should be led to realize that the vf two 
positive integers is always a positive integer. . adding two 
positive integers, the counting begins at a positivj number and 
is carried out in the positive direction. The sum must there- 
fore always be a positive number. The sum of two negative num- 
bers is always a negative number. In adding two negative num- 
bers, the counting begins at a negative number and is carried 
out in the negative direction. The sum must therefore always 
be a negative number. 

In adding two integers of opposite sign, counting begins at 
the first number and is carried out from that number toward zero. 
If the second number is small enough so that the counting does not 
go to zero, the sum will have the same sign as the first number. 
If the second number is such that the counting goes on past zero, 
the sum will have the sign opposite to that of the first number. 

The rules that are used in the addition of integers should 
not be given to the pupils, but they should .,e encouraged to 
develop the necessary rules themselves from what they I6arn by 
solving exercfies. 



Subtraction 

Concept: As in the set of positive integers, subtvaotion is related 
to a corresponding addition sentence. 

Thus, 9-5 =□ may be read as 5 and what makes 9, or in symbols 
5 +IJ = 9. Subtraction in the set of integers may be introduced, 
similarly, through an equivalent addition sentence. Thus, 
a - (+b) = □ may be written as (+b) + □ = a and a - (-b) = □ 
may be written as (-b) + □ = a 
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This may be written ;is 

To go from -^8 to "^6, two mimbcrs must be counted in the 
direct ion. 

Thus C ^ -2 



2. (^6) - (-r = □ 

Tims may be written as 
(-3) ^ □ = (*6) 

To go from -3 to +6, nine numbers must bo counted in the 
positive direction. 

Thus D = +9 

Concept: The definition of mibtvaation in the act of intcgevn in- 
votvcii thvec aaact}: n) a - M), (2) a - (-h), (Z) a - Oy 
whe}*L* a in aity integev, -f-b ia any positive intcgei^ is any 
nigativc integc}* aftd 0 is the integei* scvo. 

(V the diffevenoe a - (i-b) is obtained by sta>*ting at a 
and oouniing b consecutive units in the negative 
diveatton. 

(2) the diffei^enoe a - (-b) is obtained by starting at a 
afid counting b consecutive units in the positive 
direction . * 

(S) the diffevenoe a-0 is always 7. 



Fxwnples: 



I. (v6) - (*3) 



D 



-6 -5 



0 



3 



4 



> 



6 



* 6 * (-3) = 



or 



* 6 - (^3) = 
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2. (-2) - (+1) = 



-7 >6 -5-4-3-2-1 0 1 2 3 4 5 6 
t I H — I i t 1 1 -4 1 1 1 I I 



-2 + (-1) = -3 
or 

-2 - = -3 



3. (+5) - (-3) = • 



-6 -5 
I ■ I 



^4 -3 -2 
t 1^ \ 



2 

-4— 



.(-3) 



+5 + (+3) = +8 
or 

(*5) - (-3) = +8 




The subtraction a - (+b) , where a is any integer and +b is 
any positive integer, may be performed by calculating the sum 
a + (•b) . 

The subtraction a - (-b) , where a is any integer and -b is 
any negative integer, may be performed by calculating the sum 
a + (+b). 

Subtraction in the integers may therefore be performed by 
adding the additive inverse of the subtrahend to the minuend. 
The subtraction -6 - (-9) may be obtained by performing the addi- 
tion -6 + (-9), which is -15. The subtraction -6 - (-9) is equiva 
lent to the addition -6 + (+9) > which is 3. 

The rules that are used in the subtraction of integers should 
not be given to the pupils, but they should" be encouraged to 
formulate the necessary rules themselves from what they learn by 
solving exercises • 



Multiplication 



The definition of multiplication in the set of integers involves 
the following four cases: (1) (♦a)(+b); (2) (+a)(.b). 
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(3) (-a)(+b); (4) (-a) (-b)., where +a and +b arc any positive 
integers, and -a and -b are any negative integers. 



(1) Concept: The product of -Hi and -hh is obtained by finding the 
sum of "a" addends each of which^ is the number +b. 



(+3) •(+5) = (+5) + C+5) + (+5) = +15 
1^ - +5^ 



+'5 



-5 -4 -3 -2 -1 



0 1 2 3 4^5 6 7 8 9 10 U 12 13 14 15 16 
< ' i t ^ r I I . I 1 1 1 — i 1 



(2) Concept: The product of -Hz and -bis obtained by finding the 
sum of "a" addends, each of which is -b. 




-17-16-15-14-13-12-11-10 -9 

< i — i ! I — I I I — h 



-8 -7 -6 -5 
-I 1 ! 1- 



4 -3 -2 -1 
H l-H H 



1 2 3 4 5 
H K 



-H— i H 



(3) The commutative principle for multiplication is an axiom in 
the set of integers. Thus, (-a)(+b) = (+b)(-a). 

Concept: The product of ('a)(i-bl can be obtained by finding 
the Sim of "b" addends each of which is -a. 



(-2)»(*3) = (+3)*(-2) 
-5 -2 




(4) The last remaining portion of the definition of multiplication 
pertains to the product of two negative integers. The difficulty 
in presenting this portion of the definition is that it cannot be 
presented in terms of addition. Some other method must be used 
to present this concept of multiplication. 

Armethod of determining the product of two negative integers 
is based on two principles, the principle that the product of zero 
and any integer is zero, and the principle that multiplication is 
distributive over addition in the set of integers. 



,ERIC 



Demonstrate the product in the general case, (-a)(-b), where 
-a and -b are any negative integers. 

(-a)(0) ='0 
(-a)[(-b) + (+b)] = 0 
(-a)(-b) + (-a)(+b) = 0 
(-a)(-b) + (^ab) = 0 

The only integer that will result in a sum of zero when added 
to -ab is the integer >ab. 

Concept: Therefore, the product of -a and -h must be the integer 

The problem of determining the product of any two negative 
integers such , as -3 and -4 can be solved in the following manner: 



(-3)(0) = 0. 

(-3)(M) + (+4)1 = 0. 

(--3) (-4) + r-3)(+4) = 0. 

(-3) (-4) + (-12) = 0. 



The product of zero and any integer 
is zero. 

The sum of any integer and its in- 
verse is zero. 

Multiplication is distributive over 
addition . 

The product of -3 and +4 is -12. 



The only integer that can be added to -12 to give a sum of 
zero is +12 i Therefore, the product of -3 and -4 must be the 
integer +12. 

Another method of presenting the concept of the multiplication 
of two negative integers is to observe the pattern of the 
.products of a series of multiplications such as the following: 

(+3)(-l) = -3 
(+2)(-l) = -2 
(+1)(-1) = -1 

(0)(-l) = 0 
(-1)(-1) 

If the same number ^pattern is to continue, the product of 
-1 and -1 would be the integer +1. The product of two nega- 
tives would be a positive number: (-a)(-b) = +ab; 

There are various other procedures which may be used to 
clarify the concept of multiplication of integers and give the 
pupils a feeling that the multiplication rules make sense. Teachers 
are advised to consult textbooks and supplemental materials for 
explanations and uses of them. 
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Division 



Concept: If the quotient is an integer, division in the integers 
is defined as the inverse* operation of mltiptioatio'n*- 

Divisioh by zero is undefined and not permitted. Any division, 
avb = c\ that has a. quotient in the integers, may be performed by 
carrying our the equivalent multiplication: (c) (b) = a. 

If the quotient (+a) ^ (+b) = □ is an integer, it may be 
obtained by calculating what integer multiplied by +b will result 
in a product +a. That is, (□)'(+b) = +a. The quotient which 
replaces □ cannot be a negative integer because the product of a 
negative integer and positive integer is a negative integer. The 
quotient cannot be zero because the product of any integer and 
zero is zero. Therefore, if the quotient of (+a) v (+b) is an 
integer, it must be a positive integer. The quotient of ^+36J i 
(+9) may be obtained in the following manner: 

(+36) T (+9) = □ 
(□)-(+9) = +36 

□ = +4 

If the quotient in (-a) v (-b)'= Q is an integer, it may be 
obtained by calculating what integer multiplied by -b will result 
in a, product -a; that is, (a)*(-b) = -a. The quotient represented 
by □ can cnly be a positive integer because only a positive integer 
can be multiplied. by -b to giye a product that is a negative intege;r. 
The quotient of -36 t -9 may be obtained in the following manner: 

(-36):- (-9)= □ 
(□)-(-9) = -36 

□ = +4 

If the quotients are integers, the division (+a) t (-b) = □ is 
written as the equivalent multiplication (□)*(-b) = +a and the 
division (-ai v(+b) = Q is written as the equivalent multiplication 
( = -a. In each case, the quotient represented by □ 
must be a negative integer, because the product of two integers 
with like (unlike) signs is a positive (negative) integer. 

Concept: If the^quotient of two integers with like signs is an 
integer, it is a positive integer^ If the quotient of two 
integers with unlike signs is an integer, it is a negative 
integer^ 

The division 0 ^ a = □ ,^ if 0 is the integer zero and a is 
any integer, may be written as the equivalent mul 1 1 pi i_cati p_n_(Q ) 
(a) = 0. The quotient which replaces □ must be the integer zero 
because if the product of two integers is, zero, one of the given 
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integers must be zero. The integer a cannot be zero as division 
by zero is not permitted. The quotient Ova must therefore be 
zero. 

In both multiplication and division, do not give the rules 'to 
the pupils, but let them formulate and verbalize them after they 
have ha^d practice solving exercises. 

Summary of the Propevties of the Integers. The set of integers 
has the following properties: 

(a) Closure under addition, subtraction, and multiplication 

(h) Comnmtative property for addition and m^^liiplication 

(c) Associative property for addition and multiplication 

(d) ^fultiplication is distributive over addition and sub- 
traction 

(e) Identity element for addition and multiplication 

(f) Inverse element for each integer under addition 

(g) There exists no greatest and no least integer. 

The integers do not have closure for division. The integers 
do not have inverse elements for each integer under multiplication. 
For every integer, a, there does not exist an integer, b, such that 
their product is -hi* 

The order of operations with integers is also multiplication 
and division first in the order in which they appear from left to 
right, and then addition and subtraction in the order in which 
they appear from left to right. 



Absolute Value ? 

A convenient way of teiling how far from zero a number is on a 
number line is to use absolute value. The conventional symboliza- 
tion, |x| may be used and is read: ^*'tKe' absolute value of x." 
Since -6 and +6 are equidistant from zero, then |-6| = |+6| = 6,^ 
which means -6 and +6 are both 6 units from zero. 

Concept: The \x\is the number itself %f x is positive or zero, and 
is -X the additive inverse of x, if x is the negative number* 

The ^absolute value of a number then, may never be negative. 
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VII. THE COMPLETE SET OF RATIOMALS 



Although this unit is planned for the eighth grade, parts of 
certain topics, such as measurement and square root, may be intro- 
duced in the seventh grade. Much depends on the readiness «ind 
ability of the pupils in a particular class. 

Concept: The quotient of any two integers a and b (b / 0) can be 
expressed as the rational number ^ . 

Like the integers, the rationals are either positive + g-, 
negative - ^ or if a = 0, then ^ = 

Concept: The quotient of two integers tliat have like signs is a 
positive number > 

Therefore, the quotient must be the positive rational + 
The quotient must be the positive rational + g-. Thus ^» 

and + ^ are three different ways of expressing the same rational 
'number, and it .follows that -r* = ^ = + 

.+D -D D 

Concept: The quotient of two integers that have unlike signs is a 
negative number > 

Therefore, the quotient ^^must be the negative rational - ^ . 

a a —a ■^a 

The quotient ^ must also be the rational - ^ . Thus-^, and 

- g- are three different expressions for the same rational number 

and it follows that -r* = = " r • 
+b -b b 

Just as it is common- practice to drcp^ J:)ie sign from in 
, front of the positive integers, so it is also common -practice to 
drop the sign from in front o£ the positive rationals 

and + nay be written ^s^. 

lis the set of integers-, division by zero is not ])ermitted. 
Therefore, in the set of rationals, there does not exist any 
number whose denominator is zero. 

Concept: The set of rationals has the property that for every 
t*dtio>ial there is an infinite number of different names for 
that rational number. 

If two different expressions are names for the same number 
they are said to be equivalent. 
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Two rational expressions, and ^, are equivalent if and 

only if ad = cb. Two rational expressions are expressions for 
the same number if and only if the product of the numerator of the 
first and denominator of the second equals the product of the 
denominator of the first and' the numerator of the second. This 
is frequently called the cross product test. Applying this princi- 

pie, ^ zJI}^ ^ ~ +F ■ '^'^^^"J^*^ further application of this 

principle, it can be shown in still another way that a positive 
rational and a negative rational cannot be equa? 

lb"' since - ab ?^ + ab 

^Any two rational expressions whose numerators are zero are 
equivalent. Usiny, the above principle j= g- , since 0 x b - 0 x a 
0 = 0. 

When arranging ratiorials on a number line,, the ^positive 
rationals arc written to the right of zero and the negative 
rationals to the left of zero. The rationals which have numerators 
equal to zero and denominators unequal to zero are all equal to 
zero. 

Any positive rational' is greater than any negative rationaL 
or the rational equivalent to zero. The rational equivalent to 
zero is greater than any negative rational., 

Rationals with the same denominators, which make up part of 
the rationals, may be arranged in order as shown in this example 
of rationals with denominator of 3. 

' 3' ' 3' ■ 3' " 3' " 3' 3' 3' 3' 3' 3' 3' 

IVhen rationals with the same denominator are arranged in order 
as shown, any given rational in this list is greater than any 
rational to its left. 



Addition of Rationals 

t ^ - 

Concept: Rationals may he added when the denominators are changed 
to a common form^ then the numerator of the sum is always the 
sum of numerators of the rationals being combined. 
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b) 
c) 
d) 



1.1 


"1 


7 


7 ' 


-5 


1 




3 ' 


-2 ^ 


-1 


5 


5 


-1 


-1 




3 



-5 + 2 



-3 
6 



or 



12 



-3 + (-4) 
12 



-7 7 

12 °^ ■ n 



Subtraction of Rational s 

Concept: Subtraction of vationals may. be carried out as the 
equivalent addition^ using subtraction as the inverse of 
addition. ^ 

ill ll 5(3) +_ 8(-4)^ ^ 15 + (--321 -17 - 17 
.8 " 5^ 8 * 5 ^ 40 : 4l5~ ' 40 °^ " 40 



b) 
c) 



1 i = 
5 ■ 7 " 5 

1 zl 

3 " S 



-£ _ 7(-3) + 5(-4) -21 t (-20) 

7 " ' 35 " 35- 



-41 41 
35 °^ ■ 35 



-J^ +£ 5(1) + 3(4) . -5 f 12 
3*5'' IS ^ 45 ■ 15 



Multiplication of Rationals 

a G 

Concept: When two rationals are multiplied such as and the 
product is ||r. 



a) 



,2 5 . „ (2) (5) 
^3^4^ " (3) (7) 



10 
21 



b) 



rlv - C3) (-4) 
5^ ■ (4) (5) 



-12 

20 



or 



11 
20 



^ ^3^^ 5^ (3) (5) 15 15 5 



Students .should be able to formulate the following rules: 

1. If the rationals being multiplied are all positive, the 
product will be positive. 



2. If there arc an even number of negative rationals, among the 
fa.ticnals being multiplied ^the product will be positive. 
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3. If there are an odd number of negative rationals%. among 
the rationals being multiplied^the product will .be 
negative. 

Concept: The product of a number* and its multiplicative inverse 
(or neciproQat) is always 2. 

The multiplicative inverse of a negative rational then must be 
negative. For example, if the negative rational is 

2 . ' 3 

- J , Its multiplicative inverse is - j 



to check: 



("2)(-3) 
(3) (2) 



6 
6 



Any rational equivalent to zero does not have a multiplicative 
inverse since division by zero is not permitted. 



Division of Rationals 



Concept: In the set of rationals, division is defined as the inverse 
operation of multiplication. 



□•(|) = f 



(|) . (|) 



•1 = 



15 



m - 12 , 4 
O - Ts - 5 



b) ("!•) Mj) = O 



□•(f) = 4 



►1 = 



"i 

s 

3 
4 



-4 4 

(§-)-4 



■16 
15 



-4 4 



^ "16 16 
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c) (ff) : (4) = O 



'or 



-s 


-5 


-5 


u 


.1 - H ^ 


2 


-2 


-3 


3 


5 


2 



15 



^5 

n 



Concept: Students should r^ecognize that the rules fov signs in 
• division are the same as those foh rrmltipliaation since the 
use of the mltipliaative inverse aJianges the foivj from division 
to a Qovvespondiyig miltipliaation, 

^Sumary of the Properties of al'^\the nationals. The following is 
a siimmary of the properties of the rationals: 

(a) Closure for addition, subtraction, multiplication, and 
division 

Commutative property under addition and- multiplication 
Associative jiroperty under addition and multiplication 
-Multiplication distributive over addition aisd sub- 
traction 

/identity element for addition and for multipli<:ation 
'inverse property for addition and multiplication 

Negative Exponents 

Negative exponents may now be introduced. Review the rules 
for multiplication and division of powers of the same base. Extend 
the use of the rules to include examples where the greater power io 
in the denominator 



1000 _ ^ 



10,000 10 



10 X 10 X 10 10^ .,,3-4 ,^-1 



10^x^0 X 10 X 10 



— , = iO"' = 10 



10 1 



1000 100 

.10 10^ ,^1-3 ,^-2 



10 X 10 X 10 



= 10 = 10 
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Hxponcntial forms ,of places to the right of the decinuil; 
-1 

10 10 10 ... 



At this point students should see that the ones place is the 
balancing point of our number system 

... lO-"" 10^ 10^ 10^ 10^ lo" 10"^ 10"^ lO*-"^ 10""* ... 

03030 3 3 O 3 § © 03 

CO.C CCtAvtrr c. c C 



g.'^g.g.fr G.33 

Vi Vi W 



ti 

3 



Concept: In Ixtso ten numcvals, including decimal fractions, any 
place is one tenth of the place to its left a>td ten times the 
place to its right. 



Scientific Notation 
Scientific notation can now be extended to decimal fractions. 
.5 =: 5 X 10"^ 
.01 = 1 X 10"^ 
.00236 = 2.36 X lO"^ 
Write the following numbers in scientific notation. 

a) 5,500,000 b) 6.S9 c) .4372 d) .0057 
Answers : 

a) 5.5 X 10^ b) 6.39 x 10** c) .4.372 x 10"^ d) 5.7 H lO"^ 



Me5suren:ent 

Concept: All measurements arc only approximations of the real 
measure* 

A measurement can not be exact. A measurement depends on a 
calibrated instrument of some kind and a person reading the instru- 
ment, so there are chances for m.iking mistakes, one in the calibra- 
tion and one in the inaccurate reading of the measuring device. But 
more fundamental ly for each calibration there always is a range of 
measures which are assigned to that calibration. 
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Conocpl: Pi'cciHon is dcpoidcnt upon the cAze of the unit of 

The precision increases as the size of the unit of measure de- 
creases; in other words, the smaller thcninit of mensiirc, the 
greater the precision. 

i.e. A ruler which is calibrated in yg- inch units is more 
precise than a niler which is cn libra tea in j inch tmlts. 

/iVm» of Mi^aaurc is the difference between the actual measure 
and the measure, as it is reail. This error may not necessarily be a 
mistake, but may he due to faulty calibration and/or the approxima- 
tion which must be made in reading. Since all measurement is anprox- 
inate, wo must expect some error. 



CoHL'opt: Abttotute error ir, ± (r^ad: plui\ or mimat) one half t?j<? 
mallct'.l unit caZibraicd. 

i.e. A ruler calibrated in one tenth inch units has an absol.ite 
error of ± .OS. 

Ahtsolutc tivi'or my also be referred to as i>oat$iblo error, 
greatest poiuHbLc orror, or lolcranoa. It cannot be determined 
unless the unit of measure used is known. 



Concept: The relative error the mtio of the abr,olute error Co 
the total rneaaure* 

Thus» the relative error, uciw^ the same me,'»surinR device, de- 
cre.'ises as tlie total measure increases. 

i.e. Using a ruler calibrated in units a line me.'^iures 

I 11 
2 ^ in. The relative error then is jj- : 2 ^ or 1:20. 

Using the same ruler, a line measures 10 in. the relative 
error then is ^ : 10 or 1:80. 

Concept: Aaeuraay in related to relative error; aa the relative 
error dearcaaerj, the aeauraey inereaceB. 

i.e. Using a ruler calibrated to ^ in. units a 10 in. line is 
measured. 

l/A : 10 or R.U. - 1:40 

Using a ruler calibrated to ^ in. units a 5 in. line is measured. 
1/4 : 5 or U.K. = 1:20 
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The measurement of the 10 in. line is more i:}couvate since the 
relative error is less. 



Concept: Measures which ape less than half the distance between 
two calibration marks away from a particular aalibi^ation 
marky^ on either side of if, are all assigned the value of thd 
particular calibration mark. 



(A) 



A unit 

'2 



Admeasure of ^ unit on a unit marked to j units .would be 

assigned all points of the segment between the t and ^ units, as 

4 4 • 



shown by the wavy lines. 



(B) 



A unit 



: 1 


1 


5 ! 


: 


i 2 

' " — i — 


J 4 ' : 


' • \ ' I ' ' 



A measure of j unit on a unit marked to j units would be 

assigned to all points of the segment between ^ and f as shown bv 

o 8 

the wavy lines. 



Students should be shown that there is a difference between a 
" 1 * ' 

reading of a j unit measured with rulers calibrated- with different 
degrees of precision. 



Ruler A i < i < 1 
4 2 4 



Ruler B 



i< i < i 

8 .2 8 



The method foreshowing the difference might be to keep as a 
denominator the unit of calibration. 
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i.e. For Rulcf A, j would be used; but for Uuler B,- ^- would 
be used to show that the calibration was j inches. 

1 . P/hat is the absolute error for the measuring devices calibrated 
as fthcjn in the following exercises? 

a) Ruler to -g- inches b) Cup to j cup c) Huler to inches - 
d) Altimeter to 10 feet 

Answers : 

a) ± -ji- in. b) ± g- cui) c) ± j^jT in. or ± ^ or 
i .05 inches d)± 5 feet 

2. Find the relative errors of each of the follading: 

a) 36 ft. b) 360 yd. c) 2.5 mm. d) .126 mm. 
Answers : 

a) ^ : 36 = 1:72 b) 5:360 = 1:72 c) = = 1:50 

.oeo5 ^ _5_ ^ 

.126 1260 

3. Which measurement in each pair has (1) the greater precision; 
(2) the greater accuracy? 

a) 8.2 yds., 3 j yds. b) .75 inches, 23.0 feet 
c) .32 cm. , .46 cm. 
Answers : 



Precision Accuracy 



a) 


first 


first 


b) 


fi rst 


second 


c) 


same 


second 



Significant Digits 

Significant digits are important to denote the accuracy of a 
measurement. Regardless of the placement of the decimal point, a 
greater number of significant digits show a more accurate measure- 
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pent. The error is taken as not greater than one-half the place 
value of the last significant digit. 

Concept: All non- zero digits are significant. Zeros bethjeen non- 
zero digits are significant. Final zeros of a measurement 
expressed as a decimal fraction (or mixed number) are signi- 
ficant. 

Zeros directly following the decimal point in a number less 
than one are not significant. Final zeros in an integer are not 
significant unless there is an indication of significance such as 
plus or minus an error. The numerals we use need to be supplemented 
uith information about the measurement unit iii order to have an 
accurate meaning. 



Exercises: (Units of measurement will be omitted in these exercises) 

'1) How many significant digits are there in each of the following 
measurements? 

(a) 482 (b) 50619 (c) 3.14 (d) 2.005 (e) 200 
(f) 200.0 (g) .0016 (h) .000150 

Answers : 

(a) 3 (b) 5 (c) 3 (d) 4 (c) 1 (f) 4 (g) 2 (h) 3 

The number of significant digits can be shown in scientific 
notation by using an appropriate number of decimal places: 

300, which has one significant digit, 3 x 10^ 

>10, which has two significant digits, 3.4 x 10 
4056, which has four significant digits, 4 .056 x 10"^ 
5000, which has one significant digit, 5 x 10^ 



Square Root 



Concept: The square root of a mmber is one of two equal factors 
of the number. 

The radical sign^ means the positive square root and is also 
referred to as the principal root. 

2 

The square of a number n is n x n = n 
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Perfect squares are squares of the integers 

= 1 M)- = = 1 

2^ = 4 (-2)^ = (-2). (-2) = 4 

3^ = 9 (-3)" = (-3). (-3) = 9 

etc. etc. 

The squares of the integers are always positive numbers. 

Concept: A positive mmbev then has two square roots, one ukiah 
is positive and one which is negative* 

Ihe square root of 25 = +5 or -5, commonly written ^ 5, which 
is read plus or minus five. 

However ^25 = +5, the principal root only.. 

There are square roou tables in many te.xt books which should be 
utilized in the initial work in this topic, starting with the 
perfect squares, then progressing to whole numbers; 

There arc several processes which may be taught for the 
extraction- of square root: among them the standard algorithm, the 
"guess and multiply** or **trial and error** method, and the averaging 
method. 

Anyone who knows the meaning of square root and can handle long 
division may quickly be taught the averaging method. For example,, 
we wish to find the square root of 482. We assume that the square 
root is 20. If this assumption is correct, the quotient of 482 : 20 
should be 20, If 20 is too small, the quotient will be larger than 
the actual square root; while if 20 is too large, the quotient will 
be smaller than the actual square root. IVhen the divisor, 20, and 
the quotient are averaged, the average should approximate more 
closely the square root. 

Hxample shows how the square root of 482 may be obtained by the 
averaging method. 

The average of 20 and 24 is 22, which is used 
as the next divisor. 



24.1 
20)482.0 
40 
82 
80 
20 
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22)482!oo"" average of 22 and 21.90 is 21.95 which i.s 

44^' correct to the nearest hundredth. This can be 

checked by dividing 482 by 21 ,95 

.22_ 
200 
198 
20 



21.9.S 



2195.)4S200.00 
4590 
4500 
2195 



21050 
19755 
12950 
10975 
1975 



If a more accurate square root is needed, the 
division by 21.95 may be continued for sei'eral 
more places, and the divisor and quotient again 
averaged ; 



In the preceding example the guess was too small. Since we 
already know the square root to the nearest hundredth, let lis now 
make a guess which we know is too large to show what happens. Let 
us assume 25 is the square root. 




21.9 21.9 
22)482.0 22 
— 1 45. 9 

42 21.95 
22 . 
200 
198 

In order to keep the division from being carried out further 
than is useful we may point out the following: In general, if 
the divisor and quotient agree in the first n digits 2n digits should 
be kept in the quotient. If the division.was carried further the 
rest of the digits should be changed to zero. Thus, 20 and 24.1, 
have only the first digit in common, n=l . Therefore, 2n or 2 digits 
will be kept in quotient. Thus 24.1 becomes 24 and then is used 
for averaging. In the first division it may be necessary to keep 
an extra digit or two if the first guess is too far from the 
square root, leading to no agreement in the digits. 
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VIII. THE SET OF REAL NUMBERS 



Concept: Any nimhev that can he expressed as the ratio or quotient 

of two integers a and h, that is, in the form y (b ^ 0) is a 
rational number, ^ 

A rational may be expressed^ in decimal ^notatioii. The rational 
g- IS the quotient resulting from the division a:b. The rational ^ 
my be expressed in decimal notation by performint; the division a:b. 
I-or cxanple, |- = 5:S - 0.625 

o 

It is possible that the decimal does riot terminate. Examples 
of rationals which form non-terminating decimals are as follows: 

(a) J = 0.35333 ... 

(b) = 0.2727272727 ... 

(c) 0.44444 ... 

(d) i = 0.2857142857142 ... 



Concept: IfQ rational does not form a terminating decimal, it will 
form a non-terminating decimal in which a digit or group of 
digits keeps repeating. 

UTien performing the division h^b, the decimal must either ter- 
minate or begin repeating by the "b"th digit aftei the decimal 
point. It may begin repeating sooner, but it must begin repeating 
by the "b*'th digit after the decimal point. For example, in per- 
forming the division 2v7, each time a digit in the'answer is deter- 
mined, the remainder may be 0, 1, 2, 3, 4, 5, or 6. If the remainder 
is zero, the decimal terminates at that point. The remainder may be 
different for the first six digits but when the seventh digit has 
been deterjnined, the remainder must be one olF the previous remainders. 
When thi5 occurs,, the decimal must begin to repeat. Therefore, every 
rational forms either a terminating decimal or a non-terminating 
decimal ^.hat repeats. 

Concept: Any decimal that does not terminate and does not repeat 

is an expression for a number which is not a rational number. ' 

Thrq^ examples of non-terminating, non-repeating decimals are: 

(a) 0;123456789101112 ... 

(b) ' 1.122334455 

(c) 0.112123123412545 . ... 
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Concept: A mimb32' that can he represented on a number Une but is 
not a rational number is called an irrational nionhen. 

Numbers such as VTand n art^ not rational i^iimbers. They cannot 
•ue expressed as the quotient or ratio of two integers, and they form 
non-terminating and non-repeating decimals. 

An important mathematical question that once faced mathemati- 
cians was whether or not irrational numbers were represented by 
points on a number line, or would the setf of rationals account for 
all points on a number line. There is an infinite number of 
rationals, and between any two rationals there is an infinite number 
of rationals. If the set of rationals is represented by points on 
a number line, it might seem that every point on the number line 
would represent a rational number. The ancient Greeks discovered 
that there were points on a number line that represented numbers 
which were not rational numbers. This can be demonstrated in an 
application of the Pythagorean theorem. 

The Pythagorean theorem states that the sum of the squares of 
the lengths of the Tegs of any right triangle is equal to the square 

''2 2 -' - - - 

of the length of the hypotenuse: a" + b = c , where a and b are 
the lengths of the legs and c is the length of the hypotenuse. If 
each leg is one unit in length, then 

,2 ,2 2 
1 + 1 = c 

1 + 1 = c^ 

2 = c 

= c 

The hypotenuse is JI units in length. A line segment equal to 
the length o'f the hypotenuse can be marked off on a number line. If 
one end of the segment is at the zero point on the number line, the 
other end of the segment will coincide with a point on the number 
line. This point must represent the number V2. When it was proven 
that was an irrational number, this meant that there was a point 
oh the number line which represented an irrational number. 

Other irrational numbers such as ti are represented by points 
on a number line, ir is defined as the ratio of the circumference 

C 

of any circle to its diameter. For any circle, ^ = The 
circumference is equal to tiD. If the diameter is one unit in length, 
the circumference is tt units in length. The circumference of a 
circle whose diameter is one unit may be marked off on a number line, 
therefore, tt is represented by a point on a number line. 
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Concept: _ The sqt of numbers consisting of all nationals and ir- 
vattonals ts called the set of veal numbers. 

evorv'no[n/nn^ """''k'' ^^P^"'^"^'^'' by a point on a number line and 
every point on a number line represents a real number. . There is a 
one-to-one correspondence between the points on a number line and the 

r'nl^num^b^^ l^e!"- '''' ^'^^^""^ "^'"^^ ^^^^ '^ ^'^''^'^ 
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IX. RATIO, PROPORTION, PER CENT, VARIATION 



Ratio 

Concept: A ratio is a comparison of two numbers by divisioyv. 

The ratio of the number a to the number b (b ?^ 0) is the 
quotient ^. This ratio may also be written as a:b. The ratio 6 to 

11 may be written as yj*^^^:!!- 

The ratio is read: 6 to 11, regardless of the form in which 
it is written. 

In comparing numbers resulting from measurements j cave must he 
taken that both numbers in the ratio are measures in the safnc units > 
The ratio then is merely a number, 

Problem: Find the ratio of 2 inch to 2 feet. 

Answer: \ ^" ' = ^\ The ratio is. 1 to 24 

2 fti 24 iHi 

Ratios may be expressed in reduced form. The ratio a :b may be 

expressed in the rational form The concept of reducing a rational 

to lowest terms applies to ratios. The ratio is said to be reduced 

to lowest terms if a and b have no common factors other than the 
number 1. A ratio is reduced by canceling all factors that are 
common to both the numerator and denominator, applying the principle 

of equality of rationals = g"- 

Problem: Reduce the ratio 5:15 * 

Answer: 5:15 = = = 1:3 
15 :> 

Further work with ratios in the eighth grade may include the 
comparison, of ratios. The numerator and denominator of any given 
ratio may be multiplied by the same factor in forming an expression 
equivalent to the given expression (again zero is excluded). Given 
two ratios, the method used to determine which is the greater ratio 
is the same method used in determining whicli-of two given rational 
numbers is greater. The ratios are first each written in the form 
of a positive rational with a positive denominator. Expressions 
equivalent to the given expressions are determined such that the 
changed expressions both have the same denominator. The expression 
with the greater numerator is the expression for the greater ratio. 
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Ppbhlem: Determine which of the two given ratios, or 1^, is the 
greater ratio. ^'^ 

Answer: The following procedure is carried out: — = 

IL 56. - 63 56 ^ 14 . ' ^ 

27 " 72' 72 72' Therefore, is a ratio which is greater 

than the ratio ~. 

Concept: A rate is q ratio which compares two nimhers which result 
from measurements Jidving different units. 

Some ratios are the comparison of two numbers which are measures 
in different units. Such ratios are usually called rates and include 
a specific phrase of the form "a per ^>." The rate of speed of an 
automobile is the ratio of the distance traveled to the time taken 
in traveling: that distance. If an automobile travels 200 miles in 



4 hours, the rate of speed of the automobile is or ^mph. Many 
rates are expressed as ratios whose denominator is 1, and the units 
are indicated: The ratio ~ mph above is read "50 miles per hour." 



Proportion 

Two ratios g. and ^ (or a:b and c:d) are equal if and only if 
ad = be. The fact that two ratios are equal may be expressed as 

= ^ or as a:b = c:d. 

Concept:. An expression for the fact that two ratios are equal is 
called a proportion. 

A proportion may be written g. = £ or a :b = c :d and in either 

example it is read "a is to be as c is to d." Note: Division by 
zero i? excluded. 

Thus, i or 4:7 = 12:21; -and | = || or 9:5 = 18:10 

are proportions. 

Concept: If three of the four terms in a proportion are given, the 
fourth term can he determined. 

Proportions with one unknown term can be solved by the open 
sentence approach. Applying the principle that if a:b ■= c:d 
^ a Cv 

(or = rpj then ad = be, a simpler equation can be written for any 
given proportion, and this second equation can be solved for the 
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unknown term. For example, if 3:5 = 21 :x (or g-= — ) , then 3x = 105. 

This equation can then be solved by dividing each side of the 
equation by 3, resulting in the solution x = 35. The answer can be 
determined to be a correct solution by substituting it for the 
unknown term in the original proportion. 

3:5 = 21:35 
(3) (35) = (5) (21) 
105 = 105 true 

This is called checking the solution. 

Problem: If an ice cream mix uses 9 eggs to produce 3 quarts^ how 
^^*y ^QQS Dill be used to produce 1 gal? ' 

Answer : 1 gal. = 4 qts. 

9 X 
3 " 4 

3x= 36 

X = 12 

Concept: In a scale drawing^ the ratio of a dimension on the drain- 
ing TO the actual dimension represented by the drawing is 
equal to the ratio of any other dimension* on the drawing to 
the corresponding dimensioyx of the object represented by the 
drawing. 

For example, length of drawing _ width of drawing 

length of actual room " width of actual room 
Rates as well as ratios may be used to set up the proportion , that 
is, the numerator and the denominator of each fraction may be 
measured in different units provided that both numerators are 
measured in the same unit and both denominators are measured in 
the same unit. Also, the ratio of any two dimensions on the drawing 
equals the ratio of the corresponding dimensions of the actual 
room in the same order. For example, 

length of drawing _ length of room 
width of drawing " width of room 



Per Cent 

Concept: A per cent is a rate in which the denominator is always 
200. 

The term per cent is written as two words; "percentage" is 
written as one word and means the part of the whole which is repre- 
sented by the per cent. In baseball standings, the "pet." or 
percentage column is really the per cent of the games won by the 
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tc'im, expressed as a decimal fraction rounded to 5 places. How 
avn per centa ur,Gd? Some common uses of per cents would be: 



(a) 
(1>) 
(c) 
(d) 
(c) 
(f) 
(R) 

00 



discount - 25% off 

an interest rate per annum (year) = A% interest 

a commission for sellinf» goods or services - 5% commission 

the strength of a solution - 3% hydrogen peroxide solution 

a relative change - 15% increase in salary 

baseball team percentage 

batting averages - a player batting 0.500 = often read as 
»'300" 

a means of showing statistics r 70% of the graduation class 
went to an institution of higher learning or soap is 
U 



90 



100 



% pure (pure what?) 



Wliat doeo "per* cent" mean? This should lead to a discussion of 
the literal meaning "divide by 100** or hundredths, drawings of what 
it means and different ways of writing a per cent. We would waiit 
the pupils to come up wi til a list of numerajs to show; for example, 
six per cent: 



6%:0 06, ~, 6:100, 100)6, 

6:100, 6 out of 100, (6 x y^jj-) , 

(6 X 0.01). A picture is shown 
at the right. 
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Why ia pcv cent: used instead of just wvithxfj d dacvnal ov aomon 
fraction? IVe use percents because: 

(1) per cent gives us a common denominator so we can. 
compare different fractions 

(2) many people do not care to work with decimals or 
common fractions when they can work with whole numbers 
with the per cent symbol (%) annexed, thus, 0.28 or 

Concept: To express the ratio ^ in per cent notation the ratio tnaij 

first be written as an eauivalent ratio whose doiominator is 
lOOy such as jjj^. This ratio my then be written in the per 
cent notation as a%> 
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For example, the ratio of 4 to 25 is ~, An equivalent ex- 

* 4 16 
prcssion for T^with ;i denominator of 100 is j^-. This mny be 

written in per cent notation as 16%. The fraction written in 

decimal notation is 0.16. By observing the relation between a ratio 
whose dcnomimktor is 100, its decimal equivalent, and the cor- 
responding per cent notation, the pupil can easily be shown the 
metiiod of changing a decimal to a per cent. For example, 

^=0.07 = 7'. 
10 

From such erirwples the pupil can sec tliat to change a decimal 
to per cent notation, the decimal point in tlie per cent n'Jtation is 
tivo places further to the riglit than in the deciinal notation. 

The pupil sliould already be familiar with the procedure for 
changing a rational to a decimal by dividing the numeratoi; bv the 
denominator. If tlic resulting decimal does not terminate within 
two decimal places it is common practice to carry out the division 
to two decimal places and then express any vcmn jider in fractional 

form. For example, 4- « O.^^i; | = 0.62^; J— = O.Ooi-. 

The resulting decimal can then be written in per cent notation. 
^ ..I ..I. 

0.62^= 62^^ 

O.Ooi:: 

Therefore, any ratio can be changed topper cent notation by 
changing it to equivalent decimal notation and this to per cent 
notation. lixcept in the introductory wovk of this unit, it is 
not necessary to change the ratio to an equivalent ratio with 
denominator 100. 



Concept: Given two mmbevQ, a and b, it ia posoiblc to find vhai 
pev cent a is of b bij cxpveaaing the vatio ^ a*; an cqidvalen 
dcoirnat and than changing this dcevnal tc pev cent notation. 



Tor o-x.-implrt, when ;i <;iore sclLs mcrchnndis?, its per cont 
profit 15 u<»any dofincd ;is the ratio of the net profit to the 
total cost, this ratio beinf; expressed as a per cent. If a profit 
of $2'\(y is realizti] on goods that cost 5861. then the per cent 
profit IS f~ = 0.2S Ti 2S*.. 



Per cent ^^rofit may he ilcfined in other ways such as the 
ratio of jjrcss profit to cost of rooJs soUl. In prcscntiiig 
exercises of this type to the. pupils, care must he taken to make 
It very clear u-hich two mmihers arc to he used in forminii the 
ratio. 

A second aspect of the concept of per cent pertains to 
calculating a per cent of a number. If a mipi I were asi:cd to 

find J of .116, he would probably realize that this was a multi- 

plication prob*.-m and ho would proceed to calculate the provUict 

of -y- and .116. If ho is asked to find O./f) of .116, this also is 

:i multiplication problem and is solved by calculatinj; the product 

(.7S)(4I6). If cither the ^ or the 0.75 is replaced by the 

equivalent notation, 75^» rJ»o problem involves multiplication 
that is. finding the product {7S'*)0116). rimlim: 7.St of .116 
IS a multiplication problem. In multiplyinj: by a' per ceht , the 
per cent is first changed to the equivalent decimal or fraction 
and then the multiplication performed. 

Ft'ohMn: Fuid 1G% of $5. 

Answer: rhe 16*^ may be chanfjed to the equivalent decimal 0.16 ;snd 
the multipli-cation (0.16)(S5) performed, i^ivinji the product 
)5.0. 

When a decimal is written in equivalent per .cent notation, 
the decimal point is two places further to the risht than in the 
fjivcn decimal. Therefore, in chanijing a per cent to equivalent 
decimal notation, the decimal point will be two places further 
to the left than in the i^iven per cent. If desired, the decimal 
way be then changed to a ratio .or fraction. Very often it is of 
benefit to memorize a list of commonly used fractions and their 
equivalent per cent expressions. 

A third aspect of the concept of per cent pertains to 
determining: a number when a per cent of it is given. One method 
of solving: such problems is by the use of simple open sentences. 
For ex.imple, consider the problem of determining a number when 
it is known that 18t of the number is 90. This information may 
^^^^summarlzed by the equation O.lSx = 90, or the equation 

-—^ 90. In ti.e first equation, the 18** has been written in its 
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equivalent decimai form and in the second equation it is written 
in equivalent fractional form. Solving either of these equations 
•gives the solution 500. 

The equation 0.1 8x = 90 As solved by dividing each side by 

0.18, -iUe equation ^ = 90 may be solved by multiplying each 

side by 100 and then dividing each side by 18, or by first 
dividing each side by U and then multiplying each side by 100. 

There are advantat^es in'solving all types of per cent problems 
by the use 6f a proportion, In this approach the % is first changed 
to a common fraction form. 

Problem: Find 25% of 84. 

25 1 

Answer: 25% = = j 

25 n i _ n ck ^ I — 



100 84 



4 " 84 4 ** 84 



lOOn = 25(84) 4n = 84 

54 
4 



84 = 84 



84 

lOOn = 2100 n = "T = 



2100 ^ 

" = Too - 2^ 

Problem: Find the number if 15% of It is sixty ^ 
Answer : 

20 400 

^ _ 60 
20 n 

3n = 1200, n = 400 
Problem: What % of 45 is 9? 
Answer : 



1200 = 1200 



n 


9 


100 


45 


45n = 


900 




900 


n = 


45 



20. ^ = 20% 

Verbal problems involving per cent may be solved as general propor- 
tions . 
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Discount: A coat is on sale at 35j% off the regular^ vHce of $75. 
(a) mat is the arioimt of discount? (b) What is the sale 
pvice of the coat? 



Ansvv'cr: 



a) 




5 "* 75 . 
5n = 75 
n = S25 

b) Sale price = S75-$25 = S50 

If only question (b) is asked, students should be led to 

alizc that 35r% off the original price means also 66— i of the 

igmal price is left as the cost of the coat, then: 

rr^o. 2 
66-=^i = — 



5 - 75 



5x = 150 

X = S50 the sale price of the coat. 



^ent^ change: (The cJiange is depefident upon what a number was 
be] ore the change.) A club had- SO members at the beginning of 
the school year, but by the middle of year only 35 members 
were stUl active. Find the % decrease in the membership. 



.■> 



7 



X 



Answer: 



50-55 = 15 



100 



n 



50 



15(100) 



7 



n 



i5rrtHX) 



n 



30 /, 50 o decrease in membership. 
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General: There were 100 reserved seat tickets and ZOO general 

admission tickets sold to a play, a) Find the % of reserved 
seat tickets sold, b) Find the % of general admission 
tickets sold. 

Answer: Total sold is 100 + 300 = 400 tickets 



a) ji_ _ 100 
100 " 400 

400n = 100(100) 



n = 



.100(100) 
400 

25 .-. j§ = 25% 



n 500 
100 " 400 

400n = 100(300) 

100(300) 
400 



. 300 
n = — r- = 75 
4 



75 
100 



75% or 100%-25% = 75% 



Cormission: A real estate salesman works on an 8% commission. How 
much is the commission on the sale of a $20,000 house? 

^I15!i££- 8% = jfo = 2? 

8 n 2 _ n 



100 " 20,000 or 25 20,000 

lOPn = 8(20,000) -^Sn = 2(20,000) 

8(20,000) 40>000 
" 100 n = — = $1600 

n = $1600 amount of Commission 

A key concept in interest problems is the utilization of the 
time factor. There should be an ample discussior of the rate of 
interest related to a year. Then develop the idea that 6 mo. 

interest is only j that for a year, 00 days interest is only j that 

for a- year, 2 years interest is twice tJiat for a year, etc. 
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Interest: A man borrowed $3000 for 4 years at an interest rate of 
7%. Find the interest for 1 year, and then for four years. 



lOOx = 7(3000) 



^ _ 7(5000) 
^ ' 100 

X = $210 int. for 1 year 

Int. for 4 years 

4 X $210 = $840 



Variation 

If an automobile is driven along a highway at an average speed 
of 50 miles per hour, the distance traveled increases as the time 
traveled increases i As the number of hours spent in traveling 
changes, the distance traveled changes. The time and distance 
traveled are called variables and are interdependent. As the 
automobile is driven along the highway at an average speed of 
50 miles per hour, it will have traveled 50 milek at the end of 
the first hour, 100 miles at the end of the second hour, and 150 
miles at the end of the third hour. The distance traveled is always 
the product of the rate and the number of hours traveled. If d 
represents the distance traveled and t represents the time traveled, 
thend = 50t. Dividing both sides of the equation by t, the equation 

— =50 results. The ratio of the distance and the time is a 

constant . 

Concept: If two variables vary in such a way that their ratio is a 
constant^ eaah of the variables is said to vary directly at 
the other variable. This is an example of direct variation. 

Some examples of direct variation are: 

(a) The total cost of a number of identical items varies 
•directly as the number of items purchased if the cost 
of each item is a constant. 

(b) The total interest on a loan varies directly as the 
amount of money borrowed if the interest rate is 
constant. 

(c) The total wages a worker earns varies directly as the 
number of hours he works providing his hourly wage 
rate remains constant. 
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(d) The area of a rectangle varies directly as the length 
of the rectangle if the width remains constant. 

(e) The circumference of a circle varies directly as the 
diameter of the circle. 

Problem: If t represents the number of hours spent in traveling 
at 60 miles per hour and d represents the distance traveled 
during time t, make a Z~rowed table for d = 60t, listing 

t, d, and the ratio ^ for t = 4, 5, 6, 8, 10, 
Answer : 



t 


4 


5 


6 


8 


10 


d 


240 


300 


360 


480 


600 




60 


60 


60 


60 


60 


_ t 









The ratio — is constant, therefore this is direct variation. 

Denominate numbers: Review equivalent measures and • changing from 
larger units to smaller units i.e. feet to inches; and from smaller 
units to larger i.e. minutes -to hours. Remainders may be expressed 
either in the smaller unit or in decimal fraction of common 
fraction part of the larger unit. 

The concept of direct variation can be applied to equivalent 
measures using pairs of denomi^iations . 

-Problem: If f represents the number of feet and i represents the 
number of inches in the same length, fill in the table and 
show that this is an example of direct variation. 



f 


3 




,4 




5.5 


i 




108 




15 




i 

f . 
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Answer: 



f 


3 


9 


4 


4 


5.5 


i 


36 


108 


54 


15 


66 


i 
f 


12 


12 


12 


12 


12 



Since the ratio j is constant (it is 12) then this is an 
example of direct variation. 



X. GEOMETRY 

In mastering the material in this unit, the pupil is embarking 
on a new adventure. While much of the geometry studied in this 
unit has valuable applications in daily living, some is pure 
mathematics. Instead of dealing with mambers of physical objects, 
the pupils now deal with mental concepts such as point, line, 
and plane. 

If properly taught, this unit on geometry can be a fascin- 
ating and stimulating adventure in mathematics. If improperly 
taught, it can become a humdrum process of memorizing 150 terms 
and formulas. 

The pupil must be allowed the opportunity of experiencing the ^ 
thrill of mathematical discovery. Give him only necessary 
definitions and then lead him by skillful questioning and pre- 
sentation of problems to discover for himself geometric concepts 
and relationships* 

The normal seventh or .eighth grader does not have the tools of 
logical proof, but even at this level the pupil can be taught at 
least one method of disproof - disproof by counterexample* 

Concept: statement can be disproved by producing a single counter- 
e'xcdnple* 

The statement: "Any two, triangles, are congruent if three angles 
of one are equal to three angles of the other" can be easily dis- 
proved* Construct two triangles whose corresponding angles are 
equal but let one triangle have longer sides than the other* The 
two triangles cannot be made to coincide and so are not congruent* 
The statement is therefore false. Disproof by counterexample is 
a simple but effective way of stimulating mathematical thinking and 
offering a challenge to even the brightest students* 

This unit presents the basic problem of being mathematically 
correct* However, teaching above the ability level of the pupils 
to be precisely mathematically correct and exact in all topics is 
not advisable* It must be remembered that not all students are going 
to be mathematicians* 

Each student should have for his individual use, a pair of 
compasses; a protractor and a straight edge* A variety of types 
of protractors should be available for student use. Ideally the 
straight edge should have no markings, but in classroom use, a 
ruler suffices* ' 



Undefined Terms 

Dictionary definitions are usually circular. The dictionary 
definition of "equal" is "same*" The definition of "same" is 



120 



"identical." The definition of "identical" is "same or equal." 
If the meaning of one of these words was not already known, the 
dictionary would not be of much help in explaining the meanings 
of the other words. 

In any series of definitions, the meaning of certain words 
must already be known. It Is necessary to develop an intuitive 
knowledge of the meaning of these words by observing how they 
are used in the language. If the meaning of certain basic words 
can be accepted intuitively, then the other teims can be defined 
in terms of these basic words. 

The study of geometry begins with the selection of basic 
words, the-meaning of which will.be arrived at intuitively. The 
undefined terms are point, straight line, and plane. The meaning 
of these words is made apparent by observing how the words are used 
and by examining their basic properties and characteristics; 

Point 

Concept: A point has no dimensions. It has neither length, nor 
width, nor height. It has a single property and that is the 
property of position. 

A point can be described by its position. A point can be 
described by its position on a ohe-dimensional line, a two- 
dimensional plane, a three-dimensional space, or in a space of 
more than three dimensions which, mathematicians have cireated. 

A point is a mental concept. Its position can be repre- 
sented by a dot on a piece of paper or by a clot on a chalkboard. 
The dot is not the point. It represents the position of the 
point. The dot is nothing but a little ink or a small bit of 
chalk having physical dimensions. 

As an aid in identifying various points, it is common to use 
dots and label the dots with capital letters for identification. 

Line 

Concept: A line has no height and no width, but it does have the 
property of infinite length. 

Every place on- the line has the property of position so every 
place on the line can be thought of as a point. A line is therefore 
an infinite set of points. A line extends infinitely in both 
directions and therefore has no endpoints. 
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Concept: Given two points^ only one straight line can exist which 
contains both points^ and there always is one such line. 

Therefore, a straight line can be identified by any two points 
on that line. Those same two points cannot both be on any other 
straight line. 

The symbol AB is used to indicate the line containing the 
points A and B. 

Concept: A finite portion of a line is called a line segment. 

It has two endpoints. The line segment with endpoints A and B 

can be represented by the symbol aI which is read 'Uine segment 
AB" or just "segment AB". 

Concept: An infinite portion of a line which has only one endpoint 
is called a ray. 

A ray is identified by the endpoint and any ofjier point on it. 
If the endpoint is represented by the letter 0, and^the letter P 
represents any other point on the ray, the ray may 'be identified by 

the symbol 0?, which is read "ray OP." The first letter always 
represents the endpoint, which is also called the origin. 

It is not necessary to use the 

symbols JS, OF, and h5. It is just 
as correct to designate them as 
"line AB", "segment OF", and "ray HG." 



The diagramat the right repre- 
sents AB, OF, and h2. 




A succession of connected straight line segments all of 
which do not lie on the same straight line is called a broken 
line. If the first and last line segments are connected to 
form a closed path, the figure is called a closed broken line. 




broken line closed broken line 



Thus we may speak of the broken line ABCD and the closed broken 
line EFG. The terms point, straight line, and plane should be left 
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undefined. Attempts to define any of these terms usually result 
in definitions which are mathematically incorrect or far too com- 
plex for pupils at this grade level. 

There are differences in methods used to teach the concept 
of a curve. 

Conaept: In higher mathematics all lines are considered as curves 
and a straight line as being a special type of curve. 

There are texts which refer to broken line ABCD as curve ABCD 
and closed broken line HFG as closed curve EFG or simple closed 
curve EPG. (See the diagram on the previous page.) 

A simp closed curve is one which does not intersect itself, 
and separates the plane into three sets of points: the curve, its 
exterior and its interior which is called a region. 




simple closed curve non-simple closed curve 



Points that are contained on the same straight line or portion 
of a line are called collinear points. Any two points are collinear 
Given any two points, a straight line can be drawn containing these 
two points. Lines which all contain the same point are called 
concurrent lines. Two lines which intersect are concurre.^t lines, 
and all concurrent lines intersect. Lines which are composed of the 
exact same set of points are called coinciding lines. When two 
lines are identified as being coinciding., this simply nieans that 
different symbols are beTng*uf$ed to ide;itify the same line. 



Plane and Lines in a Plane 

Conoapt: A plane has the properties- of infinite length and in- 
finite widthy hut it does not possess ..a third dimensio*^. 

It has no thickness. It can be thought of as a perfectly 
flat surface. A plane can be identified by any three points not 
all on the same line, or by a straight line and a point not on 
that line. 

A line divides a plane into two half-planes. All points are 
cither on one side of the line, on the other side of the line, or 
on the line. 

A plane is a set of points and it is also a set of lines. 
Hvory point in a plane can have an infinite number of lines going 
through it. 
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^ Points in the same plane are called ooplanar points^ and 
lines in the same plane are called coplanar lines. 



Lines which contain a common point intersects The point of 
intersection is on each of the intersecting lines* Two inter- 
secting lines can be considered as 



forming four rays. In the diagram 
at the right, the intersection 
of lines AB and CD at point 0 form 
four rays, OA, OB, OC, and OD. 





Concept: Pamllel lines are straight 
lines in the same plane which do 
not intersect* 

It is best to restrict discussion of parallel lines to straight 
lines only. [The question of whether or not there can exist parallel 
curves is a topic of higher mathematics and is far above the level 
of this course.] 



Angle 

Concept: An angle is the set of all points that are contained in 
tij)o rays which have the same endpoint* 

The rays are called the sides and the common endpoint is called 
the vertex. 

An angle is identified by the use of the letters that identify 
the rays, the three letters being arranged so that the letter that 
represents the endpoint is the middle 
letter. The angle in the diagram is 
identified as "angle AOB" or, by the ^ 
use of the symbol L , it may be 

identified as L AOB. It may also be ^ 
identified as "angle BOA" or "Z.BOA." 

A concise method of identifying angles is by the use of a 
single letter or number at the vertex. Tliis is acceptable, 
providing ambiguity does not result. The abovlj angle may be 
identified simply as "angle 0." * 

The set of all points contained in two line segments that 
have one common endpoint defines a part of an angle. The line 
segments are considerec* as parts of rays and the resulting figure 
is considered as a parv ' an angle* The use of line segments to 
form parts of angles is a --v valuable tool in introductory geometry 
and no great harm results i. m referring to such a figure as an 
angle* 
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The figure at the right can be 
called "angle AOB" even though it 
technically is only a part of angle AOB 
formed by rays OA and OB, as in the 
^previous diagram. 



0 




B 



A 



The sides of an angle are rays and so the sides are always of 
infinite length. However, the use of line segments to fonn angles 
4 sometimes leads pupils to believe that the length of the sides has 
something to do with the size of an angle. It must be clearly stated 
that the length of the line segments used to draw the angle has 
no relation whatsoever to the size of an angle. 



Angle DOH and angle CilK in the 
adjoining diagram have the same 
measure, with the second figure show- 
ing more of the rays that consti- 
tute the sides than the first figure 
does. 




Concept: An angle is cotmonly mcaauved in iemz of oountevoloohjise 
voiaiion. 

'Ihe amount of rotation necessary to rotate a ray completely 
about its endpoint so that it coincides with its original posi- 
tion constitutes one complete rotation. This amount of rotation 
is commonly divided into i60 equal units. Hach such unit is 

called a degvee. A degree is -sttt of a complete rotation; it is 
written as 

If an angle is ever measured in terms of clockwise rotation, 
this must be indicated. In cases where there is some ambiguity as 
to whether the measure of an angle is based on clockwise or counter- 
clockwise rotation, a small arrow may be used to indicate direction 
of rotation. 'Hiis is often used for angles of greater than 180* 
of rotation. 



A I'uVe! of an angle may be made which consists of two cardboard 
strips fastened together at one end with an eyelet. 
The cardboard strips may be considered to be the pg"""^^^^^^^^"'^ 
sides of an angle, and the eyelet the vertex of ^^^^^^^^-^^ 
the angle. Manipulation of the model will provide ^^^"^^^^^^^^ 
a means for achieving a better understanding. ^'■C!^ 




an angle > 180* 



Counterclockwise 
rotation 



Clockwise 
rotation 
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Measurement of Angles 



One way to think about the measurement 'of an angle is to 
consider it to be the-measure of the amount of rotation that 
would be necessary to make the initial side of an angle coincide 
with the terminal side of that angle. Because positive angle 
measure as a measure of counterclockwise rotation is an important 
concept in mathematics, it may be well to emphasize the corresponding 
scale on a protractor. Usually a semicircular protractor has two 
scales. Let the pupils receive training first in the use of the 
scale for counterclockwise rotation, but since, at this level the 
direction of rotation is of minor importance, keep any discussion 
and emphasis on an informal levol* 

A clear plastic circular protractor can be used to measure 
angles of any size. However, only angles less than a straight angle 
can be measured directly with a semicircular protractor. To calculate 
the measure of a reflex angle by using a semicircular protractor, use 
the scale which is designed for measuring clockwise rotation. Sub- 
tracting the clockwise rotation from 560** will give the counterclock- 
wise rotation. Again, since reflex angles should not receive too 
much emphasis at this level, this may be kept quite informal. 

Angles of certain sire and those that fall within a certain 
range of sizes have been given special names* 

A vight afiglo is an angle of 90* [or one-fourth of a conplete 
rotation* ] 

A straight angle is an angle of ISO** (or one-half of a com- 
plete rotation*] Two rays that form a straight angle constitute 
a straight line* 

An acute angle is an angle less than 90**. 

An obtuse angle is an angle greater than 90** but less than 

180\ 



A reflex angle is an angle greater than 180** but less tlian 

360'^* 

If two angles have a common ray and a coiimion vertex, and have 
no interior points in common, they arc called adjacr*nt angles* 

Angles as Applied to Lines and Planes 

Concept: Canpleinentary angles are tuo angles whose sum -is equal to 
a right angle* 

Concept: Supplementoi^y angles are two angles whose sum is equal to 
a straight angle. 
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The two angles do not have to be adjacent. When two lines 
intersect^ four pairs of supplementary angles are formed. 'YYic sum 
of the angles about a point on a plane is 360*. 

The non-adjacent piirs of angles formed by two intersecting 
lines arc called varHcal angles. It is simple to show that 
vertical angles must be equal. 
In the diagram at the right 
^ 1 ^ 2 = 180^; LI ^ L2 ^ 
180^ ^ 1 ♦ ^ 2 = 3 ♦ L 2\ 
L\ ^ L 3. 

Wq other vertical angles 
can be sliown to be equal by use of this same procedure. 

Concept: Ttso lineo ave pa^pcndioulca* if they intcvacat to foi*m 

If they intersect at any other angle, they are oblique to 
each other. 

'ITie definition of horizontal and vertical lines (and planes) 
is usually far more? technical and complicated than most teachers 
realize. It is best to begin be defining a vertical line. To do 
this^ suspend a weight at the end of a string so that the weight 
hangs freely. Hie line in whicli this string hangs is called a 
pliab line* A plumb line is a vovtu line* A plane which contains 
a vertical line is called a vertical j*lane. 

The word "horizontal" has little real meaning unless you 
answer tlie question *'Uoi'i'^ontal with vafei*maa to what?". In most 
instances^ horizontal is used to refer to ,a plane being pcrj>endi- 
cular to a vertical line within tlie classroom. 

A horisa-^tal line is a line peri)endicular to a pavtioulav 
vertical line or plane. 

\<\icu drawing lines on a piece of paper > it is very common 
to refer to the lines going from left to right ns horizontal, 
and those njnning from the top of the paper to tlie bottom as 
being vortical. 'llVere is nothing wrong with such usage and the 
model is very convenient > but it may be pointed out that, whi*e 
the paper is on the top of the desk, both sets of lines are 
horizontal. 'Iliey are all in the sane plane. UTien the paper 
is posted on the bulletin board, those lines drawn from left to 
right can then be considered as bein« horizontal and those drawn 
fro»a the top to the bottom can be consideroJ as being vortical. 

'\l\c topic of angles may be explored further in the eightit gr::U'*. 
The following angle relationships are introduced on this level 
using parallel lines and a transversal. A diagram, with the angles 
ni'rabered for easy reference aisl used to show the pairs of angles, 
will be much less confusing th.i.i strict verbal definitions* 
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Draw line AB is parallel to line CD. 
Transversal EF intersects AB at G 
and CD at li. 

^^ 

\Vhen two parallel lines are 
cut by a transversal pairs 

of ooi^ve spending angles 
and alternate interior atigles ' c <— 
are fonnetl. 

'F 

Corresponding angles - These are pairs of equal angles as 
Z_ 1 and ^ 5 / 2 and ^ 6 

^ 4 and Z- 8 Z. 3 and ^ 7 

Alternate interior angles - These are pairs of equal angles as 
Z. 4 and Z. 6 
L 3 and L 5 

In the preceding diagram if we are given one of the eight 
angles in degree measure, the other seven may be found by a number 
of methods. 



i.e. If Z. 1 = 110** 

Z.-1 + Z. 2 = straight angle = ISC'* 
By substitution, the value of z. 2 = 70** 

Now Z. i = Z. 3 and Z. 2 = Z. 4 since they are pairs of vertical 
angles. 

Hence z_ -"^ = 110"* andZ.4 = 70** 

Also, Z. 3 =Z.5 andZ.4 =Z.6 since they are parrs of alternate 
interior. angles. \ 

Hence Z- 5 = 110** and4 6 = 70** \ 

Finally, z. 5 =z.7 and^^fi =z. 8 since they are pa/rs of vertical 
angles. / 

HenceZ- 7 = 110** andZ. 8 = 70** f 



Polygon 

Concept: A polygon ia a closed broken line in a plar.. 

Almost all are named according to the number of their angles. 
The quadrilateral is named for its number of sides. 
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Three angles: 



triangle 
quadrilateral 



Eight angles: octagon 
Nine angles: nonagon 
Teh angles: decagon 



Four sides: 
Five angles: 
Six angles: 
Seven angles 



pentagon 

hexagon 

heptagon 



Twelve angles: dodecagon 
Twenty angles: icosagon 



In a polygon, the intersection of tv^o sides is the vertex^ 
and the line segment joining, two non-adjacent vertices is a 
diagonal. 

Concept: A regular polygon is a polygon that is both equilateral 
and equiangular. 

It is possible for a polygon to be equilateral without being 
equiangular, for example, a rhombus; and to be equiangular without 
being equilateral, for example, a rectangle. 



A triangle can be classified according to the type of angles 
it contains, acute triangle contains only acute angles. A 
right triangle contains a right angle. /\n obtuse triangle con- 
tains an obtuse angle. An equiangular triangle contains three 
60* angles. 

A triangle can also be classified according to the number of 
equal sides it has. An isosceles triangle has tw:o • equal sides 
and an equilateral triangle has three sides equal. If its sides 
are unequal, the triangle is scalene. 

Concept: An altitude of a triangle is the perpendicular line segment 
joining a vertex of the triangle to the line that contains the 
opposite side. 

The word "altitude" has three distinct meanings. 

(1) The line segment described above 

(2) The length of the line segment described above 

(3) The line containing the line segment described above 

When the word "altitude" fs used, it must be clear from the 
context which of these three meanings is intended. 

Every triangle has three altitudes. At this point, the pupils 
have not yet learned to construct perpendiculars so it probably is 
best to have them use a cardboard or some other device with a right 
angle to draw in the perpendicular lines that are the altitudes. 
It is sometimes difficult for students to understand that the alti- 
tudes may be outside the triangle and to construct or draw them it 
is necessary to extend the sides. The use of the word "height" may 
be helpful in teaching one concept of altitude, as the pupil can see 



Triangle 
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that the altitude may be the verticaljieight of the vertex above 
the base. 



The use of the word height also makes the use of the letter 
"h" in the area equation A = -^h seem logical. 

Concept: A median of a tvimgle is the line segment drccbJn fvom a 
vertex to the midpoint of the opposite 'side. 

Finding the midpoint of the opposite side may pose a problem in 
that 'pupils have not learned to determine the midpoint of a line 
segment. This can be done by either measuring or by folding the 
paper upon which the triangle has been drawn. The medians meet 
at a single point two-thirds the distance from ary vertex to 
the opposite side. This can be presented just as an interesting 
-fact. 

Concept: Tne sum of the angles of a triangle is equal to 180^^ 

This is an important concept. The easiest way of demonstrating 
this is to tear off the three angles of a triangle and fit them 
together to show they form a straight angle. A second way is to fold 
the angles so that their vertices meet on the base and they will form 
a straight angle. If the fact that alternate interior angles of 
parallel lines cut by a transversal are equal has been mastered, a 
more formal proof may be u<=ed. This consists of 
drawing a line through r'> . ^ " C 
parallel to the base o£ Xuc triangle. 
LI = L 2 and L S = L 4 because 
alternate interior angles of parallel 
lines intersected by a transversal 
are equal. Z.1 + Z.3 + Z.5 = Z.2 + 
Z.3+Z.4. Z.1+Z.3 + Z. 5. equals 
a straight angle because L2 + LZ + Z.4 
equals one straight angle. There- 
fore, the sum of the angles of a triangle i's equal to 180®. 

Concept: The sum of the lengths of any two sides of a triangle must 
always exceed the length of the ihird side* 

This can be demonstrated by having the pupils attempt to -draw 
or construct with physical objects a triangle in which the sum of 
the lengths of two given sides does not exceed the length of the 
third side. The pupils will find the construction impossible under 
these conditions and thus will see the need of the restriction given 
above. 

Concept: The triangle is the only rigid polygon* 

The shape of a triangular figure or object cannot be changed 
without changing the length of one or more sides. This characteris- 
tic rigidity of triangular figures and objects is the reason for use 
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of triangular forms of various kinds in construction and engineering 
work* 

"iTiis characteristic also may find use in the concept of 
congruency of triangles* 

Concept: If two tviangles have their correspotiding sides and mgles 
respectively equals they are called congruent* 

Congruent triangles can be made to coincide* In making the 
two triangles coincide, any type of rigid motion through space is 
allowed* For example, the triangles in the accompanying diagram are 
congruent, even though rotation through three-dimensional space is 
necessary to make them coincide* 
Conversely, as long as the 
triangles can be made to- coincide, 
they are congruent* 



Concept: If three sides of one triangle are equal respectively to 
each of the three sides of another triangle^ the two triangles 
con be made to coincide and are congruent. 

This is actually a postulate, but it is a conclusion easily 
arrived at through a discussion of the rigidity of a triangle and 
through physical manipulation and comparison of various congruent 
triangles* 

Concept: Corresponding angles of congruent triangles are equal* 

This follows from the definition of congruence but can be 
arrived at also through physical comparison of congruent triangles* 

Quadrilaterals 

The depth to which this topic is treated will depend upon the 
mathematical ability of the pupils* It is not intended that pupils 
merely memorize these definitions but that considerable experimenta- 
tion be included* 

A trapezoid is a quadrilateral which has only one pair of 
opposite sides parallel* A parallelogram is a quadrilateral which 
has both pairs of opposite sides parallel* 

The opposite sides and opposite angles of a parallelogram are 
equal* "ITiis can be demonstrated by having the students draw 
several parallelograms, cut them in half and then place one half over 
^the second half, hold up to a source of light, and actually observe 
this relationship* In a like manner, the fact that the diagonals 
of a parallelogram bisect each other ho demonstrated by folding 
the parallelogram at the point of intersection of the diagonals 
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so that the crease is at right angles to one diagonal and then 
repeating for the other. 

A rectangle is a parallelogram whose angles are right angles. 
To be more mathematically precise, the rectangle ,can be defined 
as a parallelogram one of whose angles is 'a right angle. 

A rhombus is a parallelogram whose sides are equal. To 
be more mathematically precise, the rhombus can be defined as a 
parallelogram having two adjacent sides equal. 

A- square is a rectangle whose sides are equal. A square can 
also be defined as a xhbmbus whose angles are right angles. If 
desired, the more precise definition of a square as being a rec- 
tangle having two adjacent sides equal may be used. Because the 
opposite sides of any parallelogram are equal, if two adjacent sides 
are equal, then all the sides must be equal. 



Circle 

Concept: ^ A circle is the set of all points in a plane which are at 
a fixed distance from a fixed pointy 

The fixed distance is called the radius and the fixed point is 
called the center. It is very important to include the words "in 
a plane" in the definition of a circle. Otherwise, the definition 
will be that of a sphere. 

All points whose distance from the center is less than the 
radius are said to be in the interior of the circle, and the set of 
all such points plus the center. is the interior of the circle. All 
points whose distance from the center is greater than the radius, 
are said to be exterior to the circle and the set of all such points 
is the exterior of the circle. A circle divides a plane into three 
non-intersecting sets of points, (that is, sets which have no points 
in common) the interior, the exterior and the circle itself. Any 
point in the interior or any point in the exterior is not on the 
circle. This is contrary to much of the language commonly used in 
reference to circles. Very often when we refer to a circle, we 
really refer to the circle plus its interior. 

Concept: The circle plus its interior forms a closed circular 
region. 

For example, reference is often made to the area of a circle. 
A circle is a curved line. It has no dimensions except length. It 
has no area. It is the region which is composed of the circle and 
its interior which has area. No doubt the phrase "area of a circle" 
will continue to be used, but in using it, the pupil should be fully 
aware of the more complete mathematical description which is being 
abbreviated in this usage. 
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The same applies to polygons. A polygon is composed of 
various line segments. It has no area. It is the region which 
is composed of the polygon plus its interior which has area. 

A chord is a straight lilie segment whose endpoints are points 
on the circle. A chord which contains as one of its points the 
center of the circle is called a diameter. 




The radius of a circle is the distance from the center to 
the circle. It is also a line segment whose endpoints are the 
center and a point on tho circle. The word "radius" is used for 
both the distance and the line segment. 

A semicircle is half a circle. 
It should be represented by an arc 
as shown in figure A in the 
adjoining diagram and not by figure B 
the region shown in this diagram. 
However, the latter will no doubt 
continue to be referred to as a semi- 
circle, although it should be called 
a semicircular region. 

figure B 



figure A 




The topic of circles may be extended further in the eighth 
grade with several additional concepts. 

Concentric circles are circles in the same plane which have 
the same point as their center but have radii unequal in length. • 

A central angle is an angle whose vertex is the center of the 
circle. Its sides are rays, each containing a radius of the 
circle. 



An arc of a circle is the set of 
all points on a circle between two 
given points on the circle, including 
the given points. An arc cannot be 
identified without ambiguity by just 
the two given points, as there is no 
way of knowing which set of points on 
the circle is being referred to. 
Arc AB could refer to either the top 
or the bottom part of the circle. Three 
letters representing respectively an 
.endpoint, a point on the arc, and its 
other endpoint, identify an arc exactly. 
However, it is customary to name a 

minor arc by its two endpoints only and this is proper if the 
convention is agreed upon. 
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Thus it follows that a minor arc < 180**, and a major arc > 180**. 



Measurement and Constructions 

The constructions in this unit are to ibe performed with the 
use of a straight edge^and pair of compasses only. 

The compasses are used to determine the positions of a pair 
of points or a set of points. The straight edge is used to determine 
the position of points on the line identified by two given points. 

The pupil should be shown how to use a pair of compasses to 
mark off two points a distance apart equal to the distance between 
two given points, and then how to construct a line segment equal in 
length to a given line segment by marking off two points the same 
distance apart as the endpoints of the given line segment and con- 
necting these points with a line segment. 

The next step is to construct 
a line segment equal in length to 
the sum of the lengths of two given 
line segments. To construct a line 
segment equal*^iir*length to the sum 
of the length of given segments AB 
and CD, first construct a segment 
equal in length to AB. The problem 
now is to mark off the distance 
equal to the length of CD from the 
end of the segnent just constructed, 

The compasses are used to mark off the distance equal to the 
length of CD but there is doubt as to exactly where the endpoint 
of the second segment is to be located. The pupil knows the region 
where it must be located but does not know its exact position. 
This can be indicated by constructing in the region where the end- 
point of the second segment must be located a small arc containing 
many points at the distance equal to the le"ngth of CD from the end 
of the first segment. The first segment is then extended to inter- 
sect the arc. If preferred, a line may first be drawn and then 
segments equal in- length to AB and CD marked off, starting at a 
point arbitrarily Cixed on the line. 

The use of an arc to indicate the set of all points a fixed 
distance from a fixed point within a certain region is extremely 
useful in the majority of the constructions to be performed. When 
the location of one endpoint of a line segment to be constructed 
is known and the length of the segment is known, the other endpoint 
must be located on a circle i^hose center is the known endpoint and 
whose radius is the length of the segment. If it is known that the 
second endpoint must be located within a certain region, it is not 
necessary to construct the entire circle. Only that part of the 
circle within that region is necessary. 
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It may be best to have the student first construct the entire 
.circle and lead him to the realization that constructing the 
entire circle is not necessary when 'the location of the second 
endpoint is known to be within a given region. 

To construct a triangle congruent to a given triangle or to 
construct a triangle given the three sides, the location of three 
points must be determined, l^hen a line segment is constructed 
equal in length to one of the sides of the triangle or equal in 
length to one of the given line segments, its endpoints constitute 
two of the necessary three points i The problem is simply to 
determine the third point. 




Given triangle ABC in the above diagram, DE is constructed 
equal in length to AB. Point f- will be located the distance 
equal to the length of AC from point D and the distance equal to 
the length of BC from point E. Point F must be located on a 
circle whose center is D and. radius is equal to the length of AC 
and it must also be a point on the circle whose center is H 
and whose radius is equal to the length of BC. When these two 
circles are constructed, their intersection will be the point F. 
Tlje intersection of the two circles will actually result in 
two points. Connecting these points to the segment Dl: will result 
in two triangles, each congruent to the given triangle. Since 
only one triangle is desired, it is only necessary to construct 
arcs in the one region where it is desired that point F will be 
located. 

If the pupil can construct a triangle congruent to a given 
triangle and if he knows that corresponding angles of congruent 
triangles have equal measure, he is ready to learn how to con- 
struct an angle equal in measure to a given angle. 
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An angle is determined by 
three -points, one point on each 
ray and the endpoint common to 
each ray. The point which is the 
endpoint must be indicated. If 
it is known that points A, B, and 
C, are on a certain angle, and 
that point B is the vertex, and 
that A»and C are on different 
rays, the angle can be constructed 
by drawing , a Tay from point B 
through point A and a ray from 
point B through point C. 




Three points also determine a triangle. The three given 
points can be considered as being the three vertices of a triangle. 

In the accompanying diagram, let B arid C be fixed points 
on the sides of angle BOC. To construct an angle KHL equal in 
measure to given angle BOC, construct HK equal .in length to OB. 
Point H will be the vertex of the angle being constructed. 
Point L will be at the distance equal to the length of OC from 
point H and at the distance equal to the length of BC from 
point K. 




Drawing in the line segments produces a triangle congruent to 
triangle BOC. Corresponding angles of congruent triangles have 
equal measure so angle KHL is equal in measure to angle BOC. 
Extending the sides HK and HL produces tne rays that correspond 
to rays OB and OC. 

Once the fact has been established that this procedure 
results in the construction of an angle equal in measure to a 
given angle, the procedure may be simplified in that it is not 
necessary to draw in segment LK. To construct an angle equal 
in measure to a given angle PQR, mark off S and T so that the 
length of ST = length of PQ, and then determine point U so that 
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length of TU = length of QR and length of SU = length- of PR, 
Once point U has been determined, draw rays from point T through 
S and from point T through point U, 



An ang.Te is bisected by a ray 
if the ray is in the interior of 
the angle and if the ray forms two 
angles of equal measure within the 
angle. The method of bisecting an 
angle involves the construction of 
two congruent triangles within the 
angle. Extending the side common 
to both triangles results in a 
ray within the original angle which 
forms two angles equal in measure 
with the sides of the original 
angle. 




Given angle ABC, determine a point E on ray BC and a point 
D on ray BA so that BE is equal in length to BD, Determine a 
point K which is equidistant from the two points D and B. Draw 
in segments DK and EK, and BK, Extend BK to indicate ray BK, 

The three sides of triangle BKD are equal respectively in 
length to th« three sides of triangle BKE so the two triangles 
are therefore congruent. Angle CBK is equal in measure to angle 
ABK because they are corresponding angles of congruent triangles. 



B 




step 1 step 2 step 3 
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Ray BK is in the interior of the angle and it forms two angles 
of equal measure with the sides of angle ABC, It, therefore, bisects 
angle ABC. The procedure may be simplified as in the preceding three 
step diagram since it is not' necessary to-draw in segments DK and 



Tlie method of determining 
the midpoint of a line segment by 
construction is arrived at 
intuitively by constructing 
several points equidistant from 
the endpoints of the line segment 
and observing that all such 
points are on the same line. By 
constructing two. such points, 
joining them with a line sej^ment 
and extending the segment until 
it intersects the given line 
segment, the midpoint of the t 
given line segment is determined. 




Tlie construction can then 
be simplified by not drawing in 
the segments from the endpoints 
of the given line segment. See 
diagram at the right. 



Erecting a perpendicular at a given point on a line consists 
of bisecting a 180® angle. A perpendicular to a line forms a 
90** angle with the line. If it forms one 90** angle, it must 
form two 90** angles because the two angles must be supplementary 
and the supplement of 90** is 90**. 

The given point on the line may be considered as being the 
vertex of a 180** angle and the two parts of the line may be con- 
-sidered as being the rays forming its sides. To construct two 
90** angles at this vertex, simply bisect the 180** angle in accor- 
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dance with previous instructions for bisecting angles. These 
steps are shown in the accompanying diagram. 



i • ) > 

A C B 



step 1 



^ h 



A c a 



step 2 




A C B 



step 3 

As shown in the three diagrams below, the construction of 
a perpendicular from a point to a line consists of constructing 
two congruent triangles, the three sides of one triangle being 
equal respectively in length to the three sides of the second 
triangle. Measure of /.HFC = measure ofZ.DPC because corres- 
ponding angles of congruent triangles have equal measure. These 
angles of equal measure are also supplementary so they must 
both be right angles. Therefore, the segment CF is a perpendi- 
cular from point C to line AB. 



First construct two equal segments from point C to lino AB, 
intersecting AB at points D and Bisect DE. The two triangles 
formed are congruent because length of CD = length of CH, length 
of DF = length of HF, and length of CF = length of CF. Z-HFC 
andZ.DFC are equal in measure and supplementary, and are, therefore, 
right angles, CF is perpendicular to AB. 
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The construction may be sim- 
plified by not drawing in segments 
CD and CE. See diagram at the 
right. 

Since two points determine a 
line, CF is detennined by point C 
and the intersection of the second 
set of arcs. If these two arcs 
intersect very near C, it will be 
difficult to draw CF accurately, 
'llius, for accuracy, it is well to^ 
have these arcs intersect closer 
to line AB than to point C, or 
even on the other side of AB, 



A D F H B 



Measurement of Distances 

Concept: The diatancc between two points , unless otherwise 
indicated, is always interpreted to be the length of the 
straight line segment whose endpoints are these two points* 
The shortest distance between two points is the straight 
line distance » 

At this time it may be well to discuss with pupils the fact 
that the distance between two points on the surface of the earth 
is usually interpreted as meaning the distance along the surface 
of the earth, lins is not the straight line distance. The 
shortest distance between two points on a sphere (the earth is 
not a perfect sphere) is along the great circle route, a great 
circle being the set of all points on* a sphere contained on one 
plane which has as one of its points the center of the sphere* 
On the other hand it is true that for relatively short distances 
on a sphere, the straight line distance serves as a good approxi- 
mation for the arc distance. 

The shortest distance between two parallel lines, parallel 
planes, a point and a line, and a point and a plane is always the 
perpendicular distance. This conclusion can be arrived at 
intuitively. 

The topic of measurement of distances should include finding 
the perimeter of any polygon. Rather than using specialized 
formulas for perimeters of figures, the concept of the sum of the 
lengths of the sides of the polygon should be stressed. Students 
will be able to formulate their own perimeter notation. 
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topic of measurement of distances should include the 
mcasurenent of the lengths of diameters 'and circumferences of 
circles* The circumference of a circle means the length of 
the circle (the circle is the curved line itself)* The length of 
the 'Jiameter of a circle can be measured easily enough, but 
measuring the circumference which is the length of a curved 
line, ppse3 a problem. One method of measuring the circumference 
is to cut the region bounded by the circle from heavy paper or 
cardboard and measure the circumference with a cloth tape or 
flexible steel tape. The teacher may have to use some ingenuity 
in helping pupils devise ways of measuring circumferences. 
The use of tin cans may be helpful. The measurement of the 
circumferences are then compared with the measurement of the 
lengths of the diameters. Allow the pupils to discover the 
relationship. At first, they should be able to see that each 
circumference ii; a little over three times the lengtli of the 
diameter. With more precise* measurements, the circumference 
should always be fairly close to 3.14 times the length of the 
diameter. 

Concept: The ratio of the civcumfevcnor, of a civole to the length 
of its diameter io a conatott* Thia number io called pi and its 
isymbol is n. This ia the only correct symbol for that nmber* 
It ia an irrational nmber* 

Such irrational numbers do not have much meaning to pupils 
unless they are compared to some rational number* Performing 
numerical calculations involving pi involves converting pi to some 
national number, approximately equal to pi, if the answer is 
required to be a rational number. However, if a rational answer is 
not required, it is not necessary that pi be approximated. A 
circle with a diameter of 3 inches has a circumference cf 3ti inches. 
Pi is a real number. A line can be 3:t inches long. However, we 
usually prefer the use of rational number as answers so pi is 

approximated as 3y, 3.14 or to as many decimal places as desired. 

Approximations of pi have been calculated to 500,000 decimal places, 
that is, the approximations and pi differ by an exceedingly small 
number which has zeroes in at least the first S00,000 decimal 
places. 

This extreme accuracy is of theoretical importance, only, for 
practical purposes 2, 3 or 4 places suffice. 



Measurement of Areas 

The method of determining the area of a rectangle is arrived 
at intuitively. Have the pupils cut out 20 or 30 one-inch 
squares and define the area of a one-inch square as one square 
inch. By deten:)ining hou' najiy of tliese squares will cover the 
surface of various rectangles, the formula for the area of a 
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rectangle can be formulated by the pupils. Next, have the pupils 
make a supply of half-inch squares with an area of one-fourth 
of a square inch. They can then determine the area of, rectangles 
whose dimensions contain the fraction one-half. This will verify 
the formula for the area of the rectangle they previously deter- 
mined. 

If the pupil will draw several parallelograms with the same 
base but with different altitudes, he can arrive at the conclusion, 
that the area of the parallelogram is very much dependent on. the 
length of the altitude. By constructing jseveral parallelograms 
with the same altitudes but different bases, he can see how the 
area is dependent on the length of the base. The formula for the 
area of a parallelogram is derived by converting any parallelogram 
to a rectangle which has an area equal to that of the parallelo- 
gram. 

As shown in the accompanying diagram, any parallelogram 
ABCD can be converted to ,a rectangle by dropping a perpendicular 
from D to AB, cutting off triangle AED and then placing triangle 
AED along CB so that AD will coincide with CB. The resulting 
figure is seen to be a ^rectangle because the opposite sides are 
still equal and the angles are all right angles. In general, 
an equivalent rectangle can be obtained by dropping any perpendi- 
cular cutting both bases and interchanging the positions of the 
two sections formed. Good pupils may wish to investigate very 
oblique parallelograms in which no perpendicular cuts both bases. 

The length of the base and the length of the altitude of the 
original figure have not been changed. The area of the rectangle 
is equal to the area of the original parallelogram. Tne area of 
the rectangle is found by the equation A = lw» In the case of 
the parallelogram, its base corresponds to the length of the 
rectangle and the length of its altitude corresponds to the width 
of the rectangle. Therefore the area of the parallelogram can be 
calculated by use of the equation A = ^h, where "b** is the length 
of the base and "h" is the length of the altitude of the parallelo- 



gram. 
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Again, this and the following developments should be kept 
very informal with emphasis on the discovering of the relations 
through the use of models, cut-outs, and other concrete materials, 
much of which can be pupil made. 

The formula for the ,area of a triangle may be derived from 
the concept that any two congruent triangles can be arranged to form 
a parallelogram. Therefore, the area of a triangle is — 
one-half the area of a parallelogram with the base and altitude 
equal to the length of the base and altitude of the triangle. 

' Given triangle ABC, in the 
accompanying diagram, draw CD 
parallel and equal to AB, and 
draw BD, forming another tri- 
angle CBD and the parallelogram 
ABDC. The two triangles formed 
are congruent (the three sides 
of one are equal respectively 
to the three sides of the other) 
and can be made to coincide, 
so their 2reas are equal. The 
area of the parallelogram can be 
calculated by the use of the 
formula A = bh, so the area of 
the original triangle can be 
calculated by use of the formula 

A = ^^'h. 



Concept: The area of a tria>igle depends only on the le>igths of the 
base and the altitude. It may be unchanged by changes in the 
lengths of the other U)o sides. All triofigles with the same 
base a>id equal altitudes have eruat areas. 

Triangles ABC, ABD, ABE, 
and ABI' all have equal areas 
because they have the same base 
and equal altitudes. A model 
in which AB is ruled line segment 
on a sheet of cardboard and AC 
and BC are rubber bands is useful 
in showing various possibili- 
ties. 



A B 
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In the eighth grade, the area of a trapezoid may be considered. 
Tiie formula for the area of a trapezoid can easily be derived from 
that of a parallelogram by considering two congruent trapezoids 
which are placed together after one has been rotated through 180°. 
Thus, in the accompanying diagram, ABCD and EFGH are two congruent 
trapezoids which are placed together after one has been rotated 
through 180°. Thus, in the accompanying diagram, ABCD and EFGH 
are two congruent trapezoids with bases b and b and altitude h. 
Trapezoid EFGH is rotated and placed adjacent to trapezoid ABCD 
so that FG coincides with BG. A parallelogram is formed with base 
(b+b*) and altitude h. Its area is h(b+b'). Therefore, the area 

of the trapezoid ABCD is |h(b+b*). 




An alternate way in which the formula for the area of a 
trapezoid could be developed involves the use of triangles and the 

formula for the area of a triangle, A=ibh. 

Any trapezoid may be divided 
into two triangles by drawing a 
diagonal. In trapezoid ABCD at 
the right, drawing diagonal DB 
forms triangle ABD and triangle 
DBC. Altitude DE drawn from D 
perpendicular to AB is equal to 
the altitude from B to side DC. 
The two triangles have equal 
altitudes. The area of the trape- 
zoid is equal to the sum of the 
areas of the two triangles. Thus, 

A = ibh + ib'h = ih(b+b*) as before. 

The formula for the area of a circle, A ~ irr"^, may be introduced. 
Again, it involves the number pi, which must be approximated if a 
rational answer is required. Otherwise, pi is not replaced. 
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Proportions as Applied to Similar Triangles 



If the three angles of one triangle are equal respectively to 
:he three angles of another triangle, the two triangles are similar. 

Zoncept: If two triangles ai*e similoPj one is like a scale draining 
of the other. The lengths of the sides of one of the tria^igles 
are proportional to the lengths of the sides of the other 
triangle. 

The ratio, of the length of one side of one of the triangles to 
:he length of the corresponding side of the other triangle is equal 
:o the ratio of either of the other sides of the first triangle to 
;he length of the corresponding side of the second triangle. Any 
;uch pair of equal ratios can be expressed as a proportion* The 
:orresponding sides are therefore said to be proportional* The ratio 
jf the lengths of any two sides of one triangle equals the ratio of 
the lengths of the corresponding sides of the other triangle, taken 
In the same order* 



As an aid in determining 
which sides of two tri- 
angles are corresponding 
sides, one triangle may 
be rotated about a ver- 
tex or revolved about a 
side until the angles 
of the second triangle 
are arranged in like 
manner to those of the 
first triangle. For 
t <ample, given triangle 
Ki>t and triangle NOP, 
to determine which are 
the corresponding sides, 
triangle NOP is rotated 
so that its angles are 
arranged in the same 
order as those of 
triangle KLM* (See 
diagrams at the right.) 

Indicate the three pair 
of corresponding sides in 
triangles KLM and NOP* 

Answer ; KL and NO are 

corresponding sides. 
I>! and OP are 
corresponding sides. 
KM and NP are 
corresponding sides. 




L 
M 
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Given that triangles 
ABC and DBF are similar 
triangles, write as many 
different proportions as 
possible, applying the 
principle that correspond-- 
ing sides of similar 
triangles are proportional* 




Answer: 



AB: 


:DE 




BC: 


:EF 


EF:BC 




DE: 


:AB 


AB: 


:DE 




AC: 


:DF 


EF:BC 
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:AC 


AB: 


:BC 




DE: 


:EF 


EF:DE 




BC: 


:AB 


AB: 


:AC 
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EF:DF 
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BC: 


:EF 
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BC: 
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DF:AC 
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BC: 
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:DE 


DF:DE 
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DE; 
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AC:DF 
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:EF 
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AC:AB 
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DE; 


:DF 




AB; 


:AC 


AC:BC 




DF: 


:EF 


DE: 


;AB 




EF: 


;BC 


AC:DF 




BC: 


EF 



Answer the following questions, 

(a) If triangle ABC and DBF are similar triangles in which 
AB = 8, AC = 14, DB - 12, and BF - IS, write a proportion 
that can he used to detevmiyie the length of BC, and solve 
this proportion for BC. 

(b) Find the length of DF by use of a proportion. 
Answers : 

(a) AB:DE = BC:EF (b) AB:DE = AC:DF 

8:12 = x:15 8:12 = 14:x 

120 = 12x 8x = 168 

10 = X X = 21 

BC =10 DF = 21 
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In the diagram at 
the right, angle FGU and 
angle UIJ are right angles 
and FJ and GI are straight 
lines. Is right triangle 
FGU similar to right 
triangle IIIK? 



Answer ; Angle 1 and angle 2 are equal because they are vertical 

angles and vertical angles are equal. Two right triangles 
are similar if an acute angle of one triangle equals an 
acute angle of the other triangle. 

Identify the three pairs of corresponding sides of the similar 
triangles in the previous question^ 

Answer : Sides FG and IJ are corresponding sides. 

Sides GH and HI are corresponding sides. 
Sides FH and HJ are corresponding sides. 




A boy scout was given the task of determining the distance 
tiaross Lake T shown in the diagram above from point A to point 
ih: first paced off an arbitrary distance of ISS feet from B to C 
at right angles to line segment AB. He then paced off an arbitray*y 
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distance of 14 feet from C to D at right angles to BC. With the 
aid of a homemade transit and a felZoD boy scout, he sighted from 
point D to point A and determined point By measuringy he found 
BE to be ISO feet and EC to be 5 feet. 

(a) Are triangles ABE and DCE each a right triangle? 

(b) Does angle CED equal angle AEB? 

(c) Are triangle ABE and triangle DCE similar triangles? 

(d) Identify the three pairs of corresponding sides 
of triangle ABE and triangle DCE, 

(e) Write a proportion that can be used to find the 
length of AB and solve the proportion for AB. 

Answers : 

(a) Triangle ABE is a right triangle because he 
marked off BC at right angle to AB. Triangle 
DCE is a right triangle because he marked off 
CD at a ri^jght angle to BC. 

(b) Angle CED and angle AEB are equal because they 
are Vertical angles and vertical angles are 
equa 1 , 

(c) Triangle ABE and triangle DCE are similar 
triangles. Any two right triangles are similar 
if an acute angle of one of the triangles equals 
an acute angle of the other triangle, 

(d) Sides BE and EC are corresponding sides 
Sides AB and CD are corresponding sides 
Sides AE and ED are corresponding sides 

(e) AB:CD = BE:EC 

x:14 = 150:5 

5x = 2100 Lake T is 420 feet from point A 

X = 420 to point B, 

A second boy scout was assigned the task of determining the 
distance across Trout Ci^eek from point H to point K, He paced off 



H 




P 



an arbitrary distance of 40 feet from K to M at right angles to HK. 
He paced off an arbitrary distance of 20 feet from M to P at right 
angles to KM. With the aid of a homemade transit and a fellou) boy 
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scout, he sighted from point P to U and determined point R, By 
measuring, he determined KR to he 30 feet and RM to be 10 feet. 

(a) Are triangles HKR and PMR similar triangles? 

(b) Write a proportion that can be used to determine 
the length of HK and solve the proportion for UK. 

Answers ; 

(aj Triangles HKR and PMR are similar triangles. 

Angle PRM is equal to angle KRH because they are 
vertical angles and vertical angles are equal. 
Triangles HKR and PMR are right triangles and 
right triangles are similar if an acute angle of 
one of the triangles is equal to an acute angle 
of the other triangle. 

(b) RM:KR = MP:HK 
10:30 = 20:x 

lOx = 600 Trout Creek is 60 feet wide 

X = 60 from point H to point K. 

Polyhedrons 

In the eighth grade, some of the informal i<}eas about solids 
may now be organized and extended. The purpose of this section is 
to teach the concept of a solid, a polyhedron, regular and irregular 
polyhedrons, the method of classifying polyhedrons, and definitions 
of vertices, faces, and edges of polyhedrons. 

Before the work in this unit is introduced, pertinent topics 
from the previous year's ycrk should be reviewed including the 
concepts of point, line, plane,' line segment, polygon, names of 
common polygons, regular polygon, congruent, and definitions of 
common polygons. 

The topic of polyhedrons is introduced by first discussing what 
is meant by a solid. A geometric solid may be something quite 
different from what the pupil may have been used to calling a solid'. 
This concept of a geometric solid should be introduced carefully in 
simple logical steps beginning with what the pupil already under- 
stands. During the previous year, the pupil has been introduced to 
the concepts of point, line, plane, and line segment. The topic of 
solid can be introduced first through the use of these terms. 

The questions and activities begin with a discussion of tho 
simplest set of points, other than the null set. This is the 
set which consists of a single point. The next set discussed is 
the set consisting of two different points. Any two points identify 
a line and they identify the set of points contained on that line. 
Two points also identify the line segment whose end points are the 
two given points. The next set of points taken up is the set of 
three points not all on the same line. Such a set of points identi- 
fies a plane and the points contained on that plane. These ire sets 
with which the pupils are already familiar. 
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The next set is the set 
of four points, no three of 
them contained on the same 
line md not all of them 
contained on the same plane. 
Such a set of points identi- 
fies a solid. 

When each of four given 
points contained in such a 
set is connected to each of 
the other points, four trian 
are formed, and each point i 
the vertex of three triangle 
Each of the triangles is in 
different plane. 

The portion of any plane contained in the region bounded 
by a triangle is called a triangular region. The four given 
points in the above set form four triangular regions. These 
triangular regions, called faces, are so connected that they 
form a closed surface which completely encloses a portion of space. 

Concept: A solid is any closed surface which completely encloses 
a portion of space. 

Notice that a solid is a surface. This concept of a gt^.r^cric 
solid may be quite different from the concept of a physical solid 
which most pupils have. A geometric solid has area but it does 
% not have volume. Wlien we refer to the volume of a solid, we are 
actually referring to the volume of the interior of the solid. 

This can be compared to what is meant by the area of plane 
figures such as a circle. A circle is the set of all points in 
a plane a given distance from a given point. A circle is a 
curved line. It has no width or height, only length. It there- 
fore has no area. When we speak of the area of a circle, we 
actually are referring to the area of the region bounded by the 
circle. 

Some solids are closed surfaces formed by portions of the 
planes bounded by line segments joining four or more points not 
all on the same plane. The given points are called the vertices 
of the solid. 

The line segments joining any two of the given points are 
called the edges of the solid. 

The regions bounded by the line segments in each plane are 
called the faces of the solid. 
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Solids may have flat surfaces or curved surfaces. This 
unit contains a discussion of (1) the common solids which are 
composed oi nothing but flat surfaces, (2) some that consist of 
both flat and curved surfaces, and (3) one which is only a 
curved surface. 

Concept: If a solid consists of nothing but flat surfaces, and if 
all these surfaces are polygons, then the solid is called a 
polyhedron'. 

The simplest polyhedron is the one described above, with four 
vertices and four triangular faces. 

Polyhedrons are classified according to the number of their 
faces. The four-faced polyhedron is called a tetrahedron. Below 
aro the names of some of the more ':ommon polyhedrons. 



five faces 
six faces 
seven faces 
eight faces' 



pentahedron 
hexahedron 
heptahedron 
octahedron 



nine faces 
ten faces 
twelve faces 
twenty faces 



nonahedron 
decahedron 
dodecahedron 
icosahedron 



If the pupils mastered the names of the common polygons last 
year, they should have no difficulty mastering the names of these 
conunon polyhedrons. Except for the quadrilateral, the prefixes 
of the names of the common polygons are the same as the prefixes 
for these common polyhedrons. 

Certain polyhedrons are called regular polyhedrons. A regular 
polyhedron is a polyhedron all of whose faces are regular congruent 
polygons and whose polyhedral angles are all congruent. A polyhedral 
angle is the configuration formed by faces of a polyhedron which have 
a common vertex. 



Any polyhedron which is not a regular polyhedron is called an 
irregular polyhedron. 

Concept: There are only five regular polyhedrons: (1) the regular 
hexahedron (a cube) ^ (2) the regular tetrahedron (a pyroinid) ^ 
(3) the regular octahedron, (4) the t'egular dodecahedron, and 
(S) the regular icosahedron, 

'Ihc faces of the regular tetrahedron are triangles. The 
faces of the regular hexahedron are squares. 'ITie faces of the 
regular octahedron are triangles. The faces of the regular 
cfodecahedron are pentagons. The vaces of the regular icosahedron 
are triangles. 
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Icosahedron 



Octahedron 





Hexahedron 



Dodecahedron 



Prisms 



The purpose of this unit is to introduce the concept of 
prism, right prism, oblique prism, and give the pupil experience 
at recognising polyhedrons which are prisms. As a preparation 
for the introduction of this material, the concepts of parallel, 
parallelogram, corresponding parts of congruent figures, perpen- 
dicular, and the descriptive terms triangular, rectangular, penta- 
gonal, hexagonal, and the like should first be reviewed. 

Concept: A prism is d certain type of polyhedron* A prism is a 
polyhedron with two congruent arid parallel- faces, similarly 
placed, called bases, and whose other faces, called lateral 
faces, are pamllelograms formed by joining corresponding 
vertices of the bases. 

The first three diagrams below represent prisms. The solids 
represented by the remaining diagrams are not nrisms. To the 
right of each of these last three diagrams is an explanation as 
to why each cannot be considered to bo a prism. 






Prism 



Prism 



Prism 
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at the right 
does not have 
two parallel 
bases so it is 
not a prism. 




The solid at the right is 
not a polyhedron so it is not a 
prism. 




The solid at the right does not have two 
parallel bases so it is not a prism. 



A prism is triangular, rectangular, hexagonal, and so on 
according to the shape of the bases* Most pupils are familiar with 
triangular prisms because this type of prism is used a great deal 
in science classroom demonstrations to refract sunlight and disperse 
it into its spectrum colors. It should be emphasized that this is 
only one of many types of prisms. 

Prisms may be classified as being right prisms and oblique 
prisms. If the lateral faces are perpendicular to the bases, the 
prism is a right prism. If the lateral faces are not perpendicular 
to the bases, the prism is an oblique prism. 

It would be well to have the pupils experience recognizing 
right and oblique prisms when viewed from various angles. 
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Pyramids 



11)0 purpose of this section is to introduce the concepts of 
pyramid, regular and irre{.ular pyramid, the difference between 
a prism and a pyramid, and to give the pupil experience at recogniz- 
ing pyramids. 

Concept: A pyramid to a certain type of polyhadvon. A pyvmid in 
a polyhedron with one face a polygon and the other faceo 
triangles with a common vertex* 

A pyramid is a polyhedron and a prism is a polyhedron, but a 
pyramid cannot be a prism and a prism cannot be a pyramid* A prism 
has two congruent and parallel bases. If two faces are parallel, 
the regaining sides cannot be triangles with a common vertex. 

In the pyramid the polygon is called the base and the triangles 
are called the lateral faces. Hie common vertex of the lateral faces 
is called the vertex or apex of the pyramid. 



Hach of the figures below, except the last one, represents 
a pyramid. Hach of these pyramids has one face a polygon and the 
remaining faces triangles with a common vertex. 
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llic last fij»tjrc cnmio*' be classified as a py/amid, because, 
although any face chosen us the base is n polygon and the remaining 
faces are triangles, these remaining triangular faces do not have 
a conunon vertex. 

The altitude of a pyramid is the segment from the vertex of 
the pyramid perpendicular to the plane of the base. Ihc altitude 
can also be defined as the length of such a segment or the pcr|)en- 
dicular distance frota the vertex to the plane of the base. Pyramids 
may be classified as regular pyramids or irregular pyramids. 

If the base of the pyramid is a regular polygon and if the 
altitude passes through the center of the base, then the pyramid 
is a regular pyramid. If the base is not a regular polygon or if 
the altitude does not pass through the center of the base, then the 
pyramid is an irregular pyramid. In the preceding diagrams, the 
two pyra;. Ms at the left represent regular pyramids, 'llie remain- 
ing two pyri-mids illustrate irregular pyramids. 

'Ilicre is no restriction on tlie shape of the base of a pyramid 
except that it must be a polygon. Also, there is no restriction as 
to the location of the vertex of the .pyramid as long as it is not 
located on the plane of the base. It is therefore possible to have 
rather odd-shaped solids that are pyramids. 'Ilie figures below and 
on the next page are a few examples. 




Irregular pyramid Irregular pyramid 
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Irregular pyramid 



Cones 

The cone is the first solid studied in this unit which is not 
a polyhedron* A cone has one flat surface and one curved surface. 

Concept: Consider a closed curved line in a plane and a point not 
on that plane* Imagine all the possible line segments dram 
to every point on the closed curve from the given point* The 
surface formed by these line segments plus the region bowided 
by the given closed curve is called a cone* 

The region bounded by the closed curve is called the base ^ 
^the cone and the c"rved surface is called the lateral surface. The 
given point which was not on the plane of the base is called the 
vertex or apex of the cone. 

A cone is most often thought of as having a circular base. This 
is not a requir' ^ent of a cone. The base of a cone can have any 
shape as long as it is a region bounded by a closed curved line in 
a plane. If the base of a cone is circular, the cone is called a 
circular cone. 

The altitude of a cone is the segment from the vertex perpen- 
dicular to the plane of the base. The altitude can also be defined 
as the length of such a segment or it can be defined as the perpen- 
dicular distance from the vertex to the base. 



Cylinders 



The purpose of this section is to introduce the concepts of 
cylinder, circular cylinder, and right and oblique cylinder. 

Concept: A cylinder is the solid fomed by the union of the regions 
enclosed by two congruent closed curved tinea contained in 
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parallel -play. jid similarly placed and the surface, foi*med by 
all the line segments joining corresponding points on the vwo 
congruent curved lines* 

A cylinder is not a polyhedron. It has two flat surfaces and 
one curved surface* The comparison of a cone and a cylinder is much 
the same as the comparison of a pyramid and a prism. The comparison • 
of the relationship of the cone to the cylinder and the relationship 
of the pyramid to the prism should be made evident to the pupils at 
this point because such comparison is 'made^again later in the section 
on volumes. 

A cylinder is most often thought of as a solid with circular 
bases. However, there is no requirement that the bases of a cylinder 
be circular. Like a cone, the bases of a cylinder may be of any 
shape as long as they are regions bounded by closed curved lines in 
parallel planes, are congruent and are similarly placed* Below are 
two examples of cylinders whose bases are not circular. 




A circular cylinder is a cylinder which has circular bases. 
A cylinder whose lateral surface i$ perpendicular ;o the bases is 
called a right cylinder. If the lateral surface is not perpendicular 
to the bases, the cylinder is an oblique cylinder. Uelow is an 
example of an oblique circular cylinder and a right circular 
cylinder* 
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Spheres 



The concepts contained in this section are those of a sphere, 
interior of a sphere, exterior of a sphere, radius of a sphere, " , 
diameter of a sphere, hemisphere, great circles, and small circles. 

A circle was defined as the set of all points in a plane a 
given distance from a given point. 

Concept: z\ aphere is the set of all points a given distance from a 
given point called the center of the sphere, 

A sphere is a surface. It is a closed surface completely- 
enclosing a portion of space, and is therefore a solid. 

Concept: The radius of the sphere is the distance fran the center 
to any point on the sphere. 

Radius is also the name given to any line segment whose end- 
points are the center and a point on the sphere, and it is the name 
given to the length of such a segment. 

The interior of the sphere is the set of all points whose 
distance from the center is less than the radius. 

The exterior of the sphere is the set rf all points whose 
distance from the center is greater than the radius. 

Concept: A diameter of a sphere is any segment whose endpoints are 
points on the sphere and which contains the center of the 
sphere. 

It is also the length of such a line sef^ent or the distance 
between the endpoints of such a line segment. 

A hemisphere is half a sphere bounded by a great circle. 

Grea. circles and small circles are certain parts of spheres. 
A good method of introducing the topic of great circles is by first 
discussing the intersection of a plane and a sphere. If a plane 
intersects a sphere, the intersection consists of either a single 
point or of a circle. If the intersection consists of a circle and 
if the plane contains the center of the sphere, then the circle is 
called a great circle.* A great circle is the set of all points 
contained in the intersection of a sphere and a plane containing the 
center of the sphere. 

If the intersection of a sphere and a plane consists of a 
circle, and if thai plane does not contain the center of the sphere, 
then the circle forming the ir»tcrsection is called a small circle. 
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If the surface of the earth were a sphere, then the earth's 
equator would be a great circle. Its plane would contain the 
center of the sphere. 

Surface Areas of Solids 



Coficept: The surfuae area of a polyhedron is the S74m of the areas 
of all its faces. 

Students should be introduced to this concept, but at this 
level, only the surface area of a rectangular prism need be ^ 
considered. 

As enrichment material, the surface area of a right circular 
cylinder may be developed'. The bases of a right circular cylinder 
are circular regions whose area can be calculated by the equation 

A = Trr". To demonstrate one way of calculating the area of the 
lateral surface of the cylinder, cut the lateral surface of a right 
circular paper cylinder perpendicularly from one base to the other 
base and lay it out flat. This flattened lateral surface will form 
a rectangle. 

The area of a rectangle is the product of the length and the 
width. In the case of this rectangle, its length is equal to the 
circumference of the base of the cylinder and its width is equal to 
the height of the cylinder. The area of the rectangular region is 
therefore equal to CTirh, where r is the radius of the circular base 
and h is the height of the cylinder. 

2 

The area of each base of the cylinder is equal to irr , so the 
entire area of the cylinder is equal to the sum of the areas of the 
2 

two bases (2TTr ) and the area of the lateral surface (27Trh). Thus 
A = 2TTr(r + h) , where r is the radius of the circular base and h is 
the height of the cylinder, or the perpendicular distance from the 
plane of one base to the plane of the other base. 
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Volumes of Solids 



(In the eighth grade, or as part of a second cycle devoted to 
geometry m the seventh grade, the topic, volumes of solids, may 
be extended beyond the volume of a rectanglar prism.) 

The concepts introduced in this section include volume, vola-ne 
of a prism, volume of a cylinder, volume of a cone and volume of 
a pyramid. The material to be reviewed as a preparation for this 
new work should include basic units of volume and the volume of a 
rectangular prism. 

A geometric solid is a surface. Therefore, when we speak of 
the volume of a solid, we are actually referring to the volume of 
the space enclosed'by a solid. In this section, when reference is 
made to the volume of any solid, it is understood that reference is 
actually being made to the volume of the interior or the space 
bounded by that solid. 

The topic of volumes should begin with a reveiw of the basic 
units of volume, including the cubic inch, cubic foot, and cubic 
centimeter. Models of these units are useful. These and other 
models may be used to give a concept of the relative sires of the 
various units used for expressing volumes. 

After the basic units of measurement of volumes have been 
reviewed, the topic of the volume of a rectangular prism should be 
reviewed. Again, physical models are helpful. 

The equations to be used in calculating the volumes of most of 
the solids can be developed only intuitively at this grade level. 
This includes the equation for the volume of any prism. 

In presenting the concept of the volume of a prisu;, first 
consider a prism whose altitude (perpendicular distance between 
the parallel planes containing the bases) is one inch. If the 
area of the base is X square inches, then the number of cubic 
inches which could be made to fit on this ba.>e would be X 
number of cubic inches. If the altitude is doubled, the number 
•of cubic inches contained in the volume will be 2X. The pupil 
should soon be able to see that the volume of the prism will be 
equal to the area of the base multiplied by the altitude. Tliis 
can be expressed by the equation V = Bh, where B represents the 
area of the base and h the altitude of the prism. 

Tills equation is valid for all prisms, both right and oblique. 

The equation to be used in calculating the '"olume of a 
circular cylinder can be developed in the same way as that for the 
volume of the prism. The result is the same equation V = Bh. In 
the case of the circular cylinder, the area of the base is calculated 
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by use of the equation for the area of a circular region A = nr^. 
Therefore, in the case of the circular cylinder, the equation for 

the volume may be written either as V = Bh or V = irr^h, where r is 
the radius of the circular base and h is the altitude. 

Experimentation can be used to develop the concept of the 
equation to be used in calculating the volumes of pyramids and cones 
This involves the selection of an open pyramid and an open prism 
whose bases have the same area and whose altitudes are equal. Fill 
the pyramid with water or sand and pour into the prism. Repeat this 
until the prism is full. It should take exactly three pyramids 
of water or sand to fill the prism. This demonstrates the fact 
that the volume of a pyramid is equal to"- one- third the volume of 
a prism which has a base the same area as the pyramid and whose 
altitude is equal to that of the pyramid. 

The equation for the volume of a pyramid is therefore V = -^h. 

The procedure can then be repeated using a- cone and a cylinder 

whose base and whose altitude are each equa to that of the cone. 

It should take exactly three cones of water k,t sand to fill the 

cylinder, demonstrating that the volume of the cone is equal to 

one-third that of the cylinder. The equation for the volume of the 

cone is ec^ual to one- third that of the cylinder. The equation for 

1 1 2 

the volume of the cone is therefore V = -^Bh or V = -sar h. 



Space Visualization 

A unit on solid geometry may include a section of space visual- 
ization, pertaining to prisms, cylinders, cones and pyramids. 
Students may be given exercises in drawing representations of solids 
making models, for which patterns are available in reference 
materials; and drawing representations of the intersection of a 
plane and various solids. Some of the better students may be 
challenged by exercises to develop their o\^n patterns for making 
• id models. 



Coordinate Geometry Using the Number Line 



Review the number line for integers and rationals, stressing 
the equality of divisions for the integral points. Recall that sets 
of points may be graphed. The set {-3,2,3,4} is graphed 

^— i 1 f 1 1 1 1 f ? f 1— 

-5 -4 -3 -2 -1 0 1 2 3 4 5 
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The student should be familiar with set builder notation. 
Thus, {a|a = 6} is read as the set of all a such that a = 6 and is 
graphed as 



< ^ * 1 1 1 1 1 1 1 1 H 

-5-4-3-2 -1 0 1 2 3 4 5 6 7 



Also, {x|3 < X < 9} is read as the set of all x such that x is 
greater than or equal to 3 and less than or equal to 9. The graph 



^— 

^ « < » « « i « 1 1 1— I 1 1 i 1-> 

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 

Solid large dots at the ends of the line segments indicate that 
the end points are included in the graphed set. Again, {yi-4<y<5} 
is read as the set of all y such that y is greater than -4 and less 
than 5. The graph is 



« i 1 « 1 J 1 i 1 1 1 1 1 1 1 ^ 

-7 -6 «5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 

The circles at the ends of line segments indicate that the end 
points are not included in the graphed set. Finally, {y|y<4} is 
read as the set of all y such that y is less than 4 and graphed as 



H 1 1 1 1 1 1 1 i 1 , y 

-5 -4 -3 -2 -1 0 1 2 3 4 5 



Coordinate Geometry Using the Number Plane 



Some practice with the common number- letter grid on a road map, 
used to locate the region in which a required city or town is found, 
may be used to introduce the concept that two items are needed to 
locate a position on a plane. Points on a number plane are identi- 
fied by using two number lines intersecting at right angles. The 
same units of division should be used on each number line. By con- 
vention the X axis is drawn left to right and the y axis is drawn 
perpendicular to x axis. Arrows must be drawn at each end of axes. 
The point where x and y axes intersect is called the origin and is 
the zero point on each number line. 
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Concept: Each point in the number plane is identified by an 
ordered pair of real numbers with the x value given first, 
then the y value: (x^y), called the coordinates of the 
point* 

There are several ways of visualizing the manner in which the 
coordinates are used to locate the position of a point on the 
coordinate plane. 

One useful way is to consider the point as being located by 
the intersection of two perpendiculars. One perpendicular is 
erected at a point on the x axis given by the x coordinate, and the 
other perpendicular is erected at a point on the y axis given by 
the y coordinate. The figure below shows how the overhead projector 
and three transparencies may be used to give practice in locating a 
point on the number plane. The first transparency has the two per- 
pendicular axes drawn on it. The second is a sheet which is divided 
"vertically", half transparent and half blue; and the third i;> a 
sheet which is divided "horizontally" ^ half transparent and half 
yellow. The first transparency is kept fixed and the other two are 
moved ever it to locate points in the number plane. 




The above diagram shows the transparencies arranged to locate 
the point (3,2) on the number plane. ' 



163 



The axes divide the plane into four quadrants, which may be 
Identified according to signs of the numbers in the ordered pairs 
All values of x to the right of the y axis are positive and to the 
left negative. All values of y above the x axis are positive and 
below negative. 



Identify the quadrant in 
which each of the follouing 
ordered pairs lies: 

(a) (4,5), (b) (-3,2), 

(c) (-5,-3), (d) (7,-5) 

Answers : 



11 


1. I 


(x,y) 


(x,y) 






(x,y) 


(x,y) 


(-,-) 


(*,-) 


ni 


IV 



(a) I, (b) JI, (c) III, (d) IV 



Points may be chosen so that when straight lines arc drawn 
rectangles, and other geometric figures may be identified. 

. /^^f ^ P^P^^ each of the follotoing sets of 

poznts whvch form the vertices of polygons. In each case, join the 
poznts zn the order given, join the last point to the first, 
^dent^fy the polygon formed. 

(a) (0, 0), (+4, 0), (+4, +3) 

(b) (-5, -2), (^5, -2), (+6, +3), (-6, +3) 

(c) (-1, 0), (+4, 0), (+5, +4), (0, +4) 

^^ -2), M, -2) 

(e) (0, 0), (7, 0), (7, 4), (0, 4) 

Answers: (a) Right triangle (b) Trapezoid (c) Parallelogram 
. (d) Square (e) Rectangle 

Perimeters and areas of rectangles and squares may be found 
using coordinates, taking care that vertices chosen will make the 
sides parallel to the axes. 

Plot the points, (^3,-.2), (4,3), (^3,3), and join 

the poznts zn order. 

To find the perimeter and the area of a rectangle it is 
necessary to have the measure of its length and width. 

Counning the units in the diagram on the next page we have 
1=7 and w = 5, 
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Then P = 2(l+w) 
P = 2(7+5) 

P = 2(12) = 24 units. 



A = Iw 
A = 7(5) 

A = 35 square units 



(-2,3) 
y 



-I 1 h- 

•6 -5 -4 



—I 1- 

-2 -1 



(-3,-2) 



2- 
1- 

-1" 

-3- 

-4- 



(4,3) 
— » 



H h 



H H 



(4,-2) 



Right triangles may be graphed - again with judicious choosing 
of vertices in order that the two legs (base and altitude) are 
parallel with the axes. (The altitude to the hypotenuse is not 
considered in problems at this level of coordinate geometry,) 
Perimeters may be found, using the Pythagorean theorem to find the 
hyjiotenuse, using only values which do not result in irrationals. 
[Three of the many Pythagorean triples are (3,4,5) (5,12,13) 
(7,24,25). Any multiple of the sets will result in rational values 
for the three sides ♦] 

Plot the points (1^1)^ 
(4^1)^ (4^5) and joint the 
points in order » 

In order to find the 
perimeter of the triangle the 
measures of the lengths of the 
three sides are necessary ♦ 



= c 



4 

16 
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25 = c"" 
5 = c 

Then P = 3+4+5 = 12 units 

In order to find the area, the measures of the base and altitude 
are necessary. We have b = 3 units, h = 4 units. 



A 








A 


1 




= 2 


A 


12 




*" 2 



= _ r 6 square units 



Graphing Open Sentences 

In the graphing of open .sentences, the first graphs may be 
those which result in lines parallel to the x-axis or y-axis. 



Concept: 



pt: The x-axis is the line containing the set of all points 
such that y = 0; the y-axis is the line containing the set 
of all points such that x - 0, 



Vszng a set of coordinate 
axes, draw and label the 
following sets of points, 

(a) The set of all points 4 
units above the x-axis 

(b) The set of all points 2 
units below the x-axis 

(g) The set indicated by the 
equation y = +5 

(d) The set indicated by the 
equation y = -3 

(e) The set indicated by the 
equation y = -5 



+S- 

+2 

+1-1 



<r-\ 1 1 1 H 



-5 -4 -3 -2 -1 



-1.. 

2 



-4t 

=5. 



-6 
-7 



^ arrows at the ends of 
the . s which represent the ^ 
several sets indicate that there 
is neither a greatest nor a least 
X coordinate of the points in 
these sets. TJius some points in 
the coordinate plane which satisfy 
y = "3, for instance, are (-50,000, -3), (-10,. -3), (-5, -3), 
(8, -3), (25, -3) and (1,000,000, -3). Contrast this with graphing 
open sentences on the number line. 



y=+4 



X 



i l l ! 

+ 1 +2 -{3 +4 +5 



v=-3 
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Using a set of coordinate axes, di'o:^ mxd label the folloouig 
sets of points. 



(a) The set of all points 3 units to the 

(b) The set of all points 2 units to the 

(c) The set indicated by the equation x 

(d) The set indicated by the equation x 

(e) The set indicated by the equation x 
Answer: 



to 
II 

X 


-1^ 

to 
1 
II 

X 


tl 

X 


+5 - 
+4 • 
+ 3 . 
+ 2 . 
+ 1 . 


to 
+ 
11 


in 
+ 
II 

X' 






— 1— 

1 -4 


— 1 

-3 


1 

: -1 ( 
-1 - 

-2 ■ 

-3 - 

-4 • 
-5 - 


1 i 

1 +1 +2 +: 


i 

. +4 +: 


t 

. +6 

- 



firaphlng - Equalities 




right of the y-axis 
left of the y-axis 

= +5 

= -5 
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Graph x = 2y 




Graphing - Inequalities 



Concept: The graph of an inequality oonsiats of part of the plane 
bounded by one or tDo lines. 

Graph x < [More precisely, graph {(x,y)\x < 4)] 

y 



Answer : This consists of all 
points to the left of the y-axis, 
the y-axis, and up to and in- 
cluding four units to the right 
of y-axis» Tlie solid line at 
X = 4, indicates by convention 
that X = 4 is included in the 
graph of X < 4, 



"3. 

H 



-I— I 



-4 -3 -2 -ii 



I I I 

,12 3 



Graph -3 < x < 5 . [More precisely, graph {(x,u)\-3 < x < S)] 



Answer ; This consists of all 
points up to but not including 
-3 CO the left of the y-axis, 
the y-axis, and yll points up 
to but not including 5 to the 
right of the axis. The dashed 
boundary: x = -3 and x = +5, 
indicates y by convention, that 
x = -3 and x = +5 are not 
included. 



( i I i \ 



III! 

3 + 

Ut 

^n 

1 - 
It 



-4 -3 



I" 

-3 



-I — I- 

2.3.4 5 6 
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Graph -4 < y < 3 



Answer ;' This consists of all 
points below the x-axis up to 
but not incluUng y = -4, the 
x-?.xis, and all points above 
the x-axis up to atid including 
y = 5. Hie dashed line at 
y = -4 indicates that y = -4 
is not included, while' the 
solid line at y c 3 means that 
y ^ 3 is included in the graph. 




'Hicre are a number of enrichment exercises which involve the 
use of graphs. Some of these follow. 



Using lined graph paper, follow the directions below for 
playing the Game of Battleship or Sinking Ships, 



•|l)is game, best played 
by two pupils or two teams 
of pupils^ empiiasizes tlie 
location of a place by co- 
ordinates* On one chart each 
pupil outlines his four ships 
as shown, making sure that 
his opponent cannot see this 
chart* Sliips may be placed 
in a horiy.ontal or vertical 
position, and can be referred 
•to in order of size: carrier 
(5 consecutive intersections), 
battleship (4 consecutive 
intersections), destroyer 
(3 consecutive intersections), 
submarine (2 consecutive 
intersections) ♦ 



10 

9 

8 
7 

6 
5 
4 
3 
2 
1 
0 



One ccotcstant starts with 
a salvo of four shots in an 
attempt to locate his opponent*s 
ships* As he announces each 
shot, such as B5 or 118, his 
opponent tells whether it is a 
miss or a hit* If a hit is 
scored, the opponent tells the 
type of ship hit* The offensive 
player then records his shot on 



A B C 0 !•; P G II I J K 



A Possible Diagram 
,^or the Gajne of 
Battleship 
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his blank chart, for a miss he records an X, For a hit he 

records a number indicating the number of squares occupied by his 

opponent's ship. 'Hie defensive player records each of his opponent's 

shots by writing: an X on the chart on which his own ships are marked. 

After one contestant completes the first sal\ the opponent 
akes his turn with four shots. Play continues by turns until one 
jjlayer has sunk all his opponent's ships. A ship is sunk only when 
the number of hits is the same as the number of intersections it 
occupies. Hov^ever, if it is the person or team whx) began the game 
who first succeeds in sinking all I. is opponent's ships, the second 
person is entitled to an equal number of shots in an attempt to 
tie the score or, in case he needs fewer shots than did his opponent, 
to win. 



Duplicate copies of the blank chart might be furnished by the 
teacher. 

n. There are available many outlined figures containing 

appended sets of coordinate points which when graphed will 
produce a picture. Students enjoy this type graphing and 
while having fun they are also learning* 

For example, in the following exercise, if the points are 
connected as indicated a house is added to thv scene. 

Locate the following points on the diagram heloD and connect 
each point, in each group, to the succeeding point in the order 
listed. 



(a) (1,8) (3,12), (5,7), (13,8), (13,3), (5,1), (5,7), (1,8) 
(1,3), (5,1) 

(h) (3,12), (11,12), (13,8) 




8 10 12 14 16 18 20 
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Glossary of Terms for Geometry 



Altitude of a cone,\ Tlie segment from the vertex perfjendicular to 
and terminated by the plane of the base or the perpendicular 
distance from the vertex to the plane of the base. 

Altitude of a cylinder* A segment from the plane of one base 

perpendicular to and terminated by the plane of the other base 
or the perpendicular distance between the planes of the bases. 

Altitude of a parallelogram* A perpendicular line segment joining 
a point on any side of a parallelogram with the line containing 
the opposite side. 

The length of this line segment. 

The line containing this line 
segment. 

Altitude of a prism, A segment from one base perpendicular to and 
terminated by the plane of the other base, or the perpendicular 
distance between the planes of the bases. 

Altitude of a pyramid* The segment from the vertex perpendicular to 
and terminated by the plane of the base or the perpendicular 
distance between the vertex and the plane of the base. 

Altitude of a trapezoid, A perpendicular line segment joining a 
point on one of the parallel sides with the line containing 
the opposite side. 

V ^c 

The length of this line segment. 

The line containing this line 
segment . 





Altitude of a triangle. The perpendicular line sepment joining any 
vertex with the line containing the opposite si-^e. 

'I*he length of this line segment. 

'I*he line containing this line 
segment ♦ 

Angle, The set of all points contained on 
two rays which have the same endpoint. 

Angles (adjacent) , Two angles in the same plane having a common ray 
and a common vertex and whose interiors have no point in common. 

Angle (acute). Any angle whose measure is less than that of a right 
angle. 




171 



Angles (complementary)^ Two angles such that the sum of their 
measures is equal to 90*". The two acute angles of a right 
triangle are always complementary. 

Angles (equal) * Angles having the same measure. 

Angle (exterior). An angle such that one side is the ray containing 
one side of a polygon and the other side is the ray which is 
opposite to that which contains an adjacent side of the 
polygon. 



Angles (maae by a transversal) , 

In the figure, lines AB 
and CD are intersected by 
the transversal EF. Angles 
3, 4, 5, and 6 are interior 
angles. Angles 1, 2, 7, and 
8 are exterior angles. Angles 
5 and 6, and angles 4 and 5 
are the pairs of alternate 
interior angles. Angles 1 and 
8, and angles 2 and 7 are 
the pairs of alternate exterior 
angles. Angles 1 and 5, 
angles 2 and 6, angles 3 and 7, 
and angles 4 and 8 are cor- 
responding angles. 




Angle (measure of)* The measure of an angle is the measure of the 
amount of rotation of the initial side of the angle about 
its vertex necessary to make the initial side coincide with the 
position of the terminal side. The unit of measurement is the 

degree which is of ,a complete rotation. In more advan- 
ced work, counterclockwise rotation is taken as positive. 

Angle (obtuse)* Any angle whose measure is greater than that of a 
right angle and less than that of a straight angle. 

Angle (reflex). Any angle whose measure is greater than that of a 
straight angle but less than 360*. 

Angle (right). Any angle whose measure is one-half that of a 
straigiit angle, or 90*. 

^^ngle (straight) . Any angle whose sides lie on the same straight 
line extending in opposite direction.*) from the vertex. Any 
angle whose sides are opposite rays. 'Any angle whose mdasure 
is \S0\ 

Angles (supplementary) , Any two angles such that the sum of their 
measures is equal to 180°. 
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Angles (vevtibal). Two angles such that the sides of one are ravs 
opposite to the sides of the other. 

Arc. A segment of a curve, particularly a circle. The length 
of such a segment. 

Avea. The number of times a given unit (such as a square inch) is 
contained in the given region. 

Areas of plane geometric figures. 

Circle A = 7ir Trianr A = 1 bh ' 

Parallelogram A = bh ^ 
Rectangle A = Iw 

Trapezoid A = ^ h (b + b') 

Areas of solid geometric figures. 



Cylinder A = iTrr" + 2a rh or A = ^r(r+h) 

2 

Cone A = Ttr + itrs or A = 7Tr(r + s) 

Axiom. An assumption. 

Axis (coordinate). A line along which or parallel to which a 

coordinate is measured. The horizontal axis i5 usually referred 
to as the x-axis and the vertical axis as the y-axis. 

Axis of a right circular cylinder. The segment joining centers of 
the bases, or tho line containing such a segment. 

Axis of a right circular cone. The segment joining the vertex 
to the center of the base, or the line containing such a 
segment. 

Bisect an angle. To determine a ray in the interior of the angle 
which forms two angles of equal measure with the side of the 
original angle. 

Bisect a line segment. To determine a point on the line segment 
equally distant from the endpoints. 

Centimeter. One hundredth part of a meter. 

Chord of a circle. Any straight line segment whose endpoints are 
points on the circle. 

Circle, 'ITie set of all points in a plane a fixed distance, called 
the radiu.<;, from a fixed point, called the center. 

Circumference of a circle. The length of a circle. 
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Closed circular region. The set of all points on a circle and in 
the interior of the circle. "Fhe region bounded by a circle 
including the circle itself. 

Closed plane ciirve, A curve which completely bounds a finite 
portion of a plane calljed a region, 

Collinear points* Points lying on the same line. 

Compass (more correctly a pair of compasses) . An instrument used 
for measuring distances between two points or for describing 
circles. ' 

Concentric circles* Circles lying in the same plane having a common 
center. 

Concurrent lines. Lines which have a point in common. 

Concurrent planes* Three or more planes which have a point in 
common. 

Cone, A solid consjsting of the union of the region enclosed by 
a closed curved line in a plane and the surface formed' by 
segments from every point on that line to one point not on 
the plane of that line. 

Cone^ circular, A cone with a circular base. 

ConCy ohtique, A cone whose axis is not perpendicular to the base. 

Coney right, A cone whose axis -is perpendicular to the base. 

Congruent figures* Figures which can be superpose^, that is, placed 
one upon the other so that corresponding pari i coincide. Some- 
times taken as an undefined concept. 

Coplanar lines. Lines in the same plane. 

Coplanar points. Points in the same plane. 

Cube, Asriid bounded by six planes, with its twelve edges all 
equal and its face angles all right angles. 

Cubic centimeter. The volume of a cube each of whose edges is one 
centimeter in length. 

Cubic inch, 'ITie volume of a cube each of whose edges is one inch 
in length. 

Curve, A curve is a path consisting of a set of points. In 

higher mathematics a curve includes a straight line, but in 
this unit a curve will be described as a path no part of which 
is a straight line segemnt. 
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Cylinder, 'ITie solid formed by the union of the regions bounded 
by two congruent closed curves in parallel planes and 
similarly placed, and the surface formed by the parallel 
segments joining all corresponding points on the congruent 
closed curves. 

Cylinder (circular). A cylinder with circular bases. 

Cylinder (oblique/, A cylinder whose axis is not perpendicular to 
tlie bases. 

Cylinder (right). A cylinder whose axis is perpendici lar to the 
bases. 

Cylinder (right circular). The surface generated by revolving a 
rectangle about one of its sides. The solid bounded by such 
a surface. 

Decagon, polygon having ten interior angles, A-polygon having 
ten sides. 

Decahedron. A polyhedron with ten faces. 

Degree, A unit of angular measure. See Angle, measure of. 

Diagonal of a 'polygon. Straight line segment connecting two non- 
adjacent vertices. 

Diameter of a circle. Any chord containing as one of its points 
the center of the circle. 

Diameter of a sphere, A segment whose endpoints are on the spiiere 
and which r-^^tains the center of the sphere. 

Dodecagon, A polygon Iiaving twelve interior angles. A polygoji 
having twelve sides. 

Dodecahedron, A polyhedron with twelve faces, 

Dodecahccu jn^ regular, A dodecahedron all of whose faces are 

congruent regular pentagons and nil of whose polyhedral angles 
are congruent. 

Edge, A line segment which is the intersection of two plane faces 
of a solid. 

ExteHor of a circle. The set of all points in the plane of the 
circle whose distance from the center is greater than the 
radius of the circle. 

Exterior of a sphere. The set of all points in space whose distance 
from the center is greater than the radius of the sphere. 




Face of a polyhedron. The region enclosed by a bounding polygon 
of a polyhedron. 

Foot, unit of linear measure equal to 12 inches. The point of 
ersection of a line with another line or a plane. 

Great circle. The circle formed by the intersection of a sphere and 
a plane which contains as one of its points the center of the 
sphere. 

Hemisphere. A half of a sphere bounded by a great circle. 

Hepta-. Prefix meaning seven, as in heptagon (polygon having seven 
sides) and heptdhedron (polygon having seven faces) . 

Hexagon. A polygon having six interior angles. A polygon having six 
sides. 

Hexahedron. A polyhedron of six faces. 

hexahedron (regular) • A hexahedron ail of whose faces are squares 
and all of whose polyhedral angles are congruent. 

Horizontal. In a plane perpendicular to a plumb line. 

Hypotenuse. The side opposite the.rj.ght angle in a right triangle. 

Icosa-. Prefix meaning twenty, as in icosagon (polygon having * 
twenty sides) and icosahedror? (polyhedron having twenty faces) . 

Icosahedrc rrulai*). An icosahedron all of whose faces are 

equilc^ "iangles and all of whose polyhedral angles are 

coiigriient. 

Inch. A unit of measure or distance or length equal to one-twelfth 
of a foot or ~ of a yard. 

Interior of a circle. The set of all points in the plane of the 
circle whose distance from the center is less than the 
radius of the circle. 

Interior of a sphere. The set of all points in space whose distance 
from tiie center is less than the radius of the sphere. 

Kilometer. A unit of measure of length or distance equal to one 
thousand "^eters. 

Leg of a right triangle. Either one of the sides adjacent to the 
right angle. 

Line. An undefined geometric configuration w.iose properties 
are length and position. 
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Line (bvoken). A succession o£ straight line segments connected 
end to end, not all of which are in the same straight line. 

Line (closed broken). Any broken line which forms a closed path. 

Lines (coinciding). Lines having identical sets of points. 

Lines (conouvrent) . See concurrent. 

Lines (intersecting). Lines which have one and only one point in 
common . 

Liyie (horizontal) . Any line which is perpendicular to a given 
vertical line. 

Lines (parallel). Lines in""the same plane which do not intersect. 

Line segment. A finite portion of a line containing the points 

between two given points, and including the two given points. 

Liyies (skew). See skew lines. 

Line (vertical), 'llie plumb line. 

Line (plumb). The line in which a- string hangs when supporting a 
weight at one end. 

Median of a triangle. The line segment joining a vertex to the 
middle point of the opposite side. 

Meter. The basic unit of linear measure of the metric system; 
the distance between two marks on a platinum bar preserved 
in Paris. It is equal to S9.37+ inches. 

Millitnetei\ One thousandth part of meter. 

^^^"^^^"i^g nine, as in nonagon (polygon having nine 
sides) and nonahedron (polyhedron having nine faces)! 

"^^^'"^^nd i?-'^"'^ perpendicular nor parallel, such as oblique lines 
and oblique planes. 

^''*''";-H!rf' ^" '^^'^^^^ (P°ly8°" ^^ving eight 
sides) and octahedron (polyhedron having eight faces)! 

Ootahedj'on (regular). An rctahedron all of whose faces are congr.,ent 

con'ruenT '''' °' '^"^''^'^ P^^^"'^''-^ -S^- ' 

Parallel liries. See lines, parallel. 

Parallel planes. See planes, parallel. 1. 
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Parallelogram* A quadrilateral with its opposite sides parallel. 
The opposite sides He_on parallel lines. 

Penta-*. Prefix meaning* five, as in pentagon (polygon having five 
sides) and pentahedron (polyhedron having five faces). 

Perpendicular. Two straight lines are perpendicular if they form a 
pair of equal adjacent angles. The property of lines and 
planes which intersect at an angle of 90 degrees. 

Pelvimeter. 1\\e length of a closed curve or a closed broken .line. 
The sum of the lengths Ol the sides of a polygon. 

Pi. 'Vhe name of the Greek letter tt which corresponds to the Roman P. 
The symbol denotes the ratio of the circumference of a circle 
to its diameter. It is an irrational number whose common 

rational approximations include -y, 3.14, 5.1416, and 5.14159. 

Plane. An undefined unbounded geometric configuration which has 
the properties of length and width but has no thickness. 

Plane figure. A geometric figure every point on which is contained 
in the same plane. • 

Plane (horizontal) . A plane perpendicular to a plumb line. 

Planes (parallel). Two planes which do not intersect. 

Plane (vertical). A plane containing as one of its lines a vertical 
line. ^ 

Point. An undefined geometric configuration which is nondimensional . 
It has the property of position. 

Points (collinear). See collinear. ^ 

Polygon. A plane geometric figure formed by a closed broken line. 

Polugon (equiangular). A polygon whose interior angles have the 
same measure. 

Polygon (equilateral) . A polygon whose sides are equal in length. 

Polygon (regular). A polygon whoi^e sides are equal in length and 
whose interior angles are equal in measure. A polygon wnich 
is both equiangular and equilateral. 

Polyhedral angle. The configuration formed by the lateral faces 
of a polyhedron which have a conunon vertex. 

Polyhedron. A solid which is the union of regions, called faces, 
bounded by polygons. 
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Polyhedron (regular), A polyhedron .-11 of whose faces are regular 
polygons and all of whose polyhedral angles are congruent. 

Postulate, An assumption. 

Prism, A polyhedron with two congruent, parallel and similarly 
placed faces, called bases, and whose other faces, called 
lateral faces, are parallelograms formed by joining cor- 
' responding vortices of the bases, 

P2*ism (oblique). A prism whose lateral faces are not perpendicular 
to the bases. 

Prism (right), A prism whose lateral faces are perpendicular to 
tho bases. 

Protractor, A semicircular plate, or circular clear plastic, 
graduated in degrees and used to measure angles. 

Pyramid, A polyhedron with one face a polygon and the other faces 
triangles with a common vertex, 

Pyrojnid (regular), A pyramid whose base is a regular polygon and 
whose altitude passes thr&ugh the center of the base, 

PyihagoriiOfZ theorem. The sum of the squares of the lengths of 
the legs of a right triangle is equal to the square of the 
lengtIi^,o^ the hypotenuse. 

Quadrilateral, A pol^-gon with four sides, 

Radius of a circle, . The straight line segment whose endpoints are 
the center of the circle and a point on the circle; the length 
of any such line segment, 

Radius of a sphere. Any straight line segment whose endpoints are 
the center of the sphere and a point on the sphere; the length 
of any such line segment, 

Ray- If points A and B are on the same line, the set of all points 
on the same side of A as B and including the point A form the 
ray ^\^, 

Rays (opposite). If points A, B, C are on the same line, and A 
:s between B and C then ray AB and ray AC are opposite rays. 

Rectangle, A parallelogram with one angle a right angle and therefore 
all of its angles right angles; a quadrilateral all of whose 
angles are right angles. 

Rhombus, a parallelogram with adjacent sides equal. 
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Semioivole. One-half of a circle; either of the parts of a circle 
cut off by a diameter. Not to be confused with a semicircular 
region. 

Similar figures, Figures having all corresponding angles equal and 
all corresponding line segments proportional. 

Skew Ivnes, Non intersecting,, nonparallel lines in space. 

Small circle. The intersection of a sphere and a plane which inter- 
sects the sphere ^ut which does not contain the center of the 
sphere . 

Solid* A closed surface completely enclosing a finite portion of 
space. 

Space, A three-dimensional unbounded region. 

Sphere, The set of all points in space, a fixed distance fron» a 
fixed point. Sometimes ust"^ as the set of all points whose 
distance from a fixed point is not greater than a fixed 
distance. 

Square, A rectangle with two adjacent sides equal, therefor" all 
its sides are equal. 

Square inch. The area of a square oaca of whose si<?os ir one inch 
in length. 

Square centimeter. The area of a square each of whose sides is one 
centimeter ip length. 

Straight edge. An instrument used for determining points on a 
straight line identified by two given points. 

Surface, A two-dimensional region. 

Tetrahedron, A polyhedron of four faces. 

Tetrahedron (regular), ^A tetrahedron all of whosi faces are con- 

g» -1- equilateral triangles and all of whose polyhedral angles 
a.s. .iigruent. 

Transversal, \ line intersecting two other lit.cs at two distinct 

points is a transversal to those lines. 

Trapezoid, A quadrilateral which has two and only two sides' 
parallel . 

Trioigle, A polygon with three interior angles. A polygon with 
three sides. 

Triangle (acute), A triangle each of whose interior angles is acute. 
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Triangle (equimgulavK A triangle all of whose interior angles a 
equal ii; jnoasure. 

Triangle (equilateral). A triangle all of whose sides are equal 
in length. 

Triangle (isosceles), A triangle with two sides equal in length. 

Triangle (obtuse), A triangle one of whose interior angles is an 
obtuse angle. 

Triangle (right), A triangle one of whose angles is a right angle. 

Triangle (scalene), A triangle with no two sides equol in length. 

Triangular region, A region bounded by a triangle. 

Vertex of an angle. The point common to the two rays forming the 
angle. 

Vertex of a polyhedron. The intersection of three or more edges 
of the polyhedron. 

Verti^v of a polygon, A point common t;o two consecutive sides of 
the polygon. 

Vertex angle of a tr- angle. The angle opposite the base of a 
tri?agle» 

Verticil line. See line, vertical, 
Vcr.iaril angles. See angles, vertical, 

/olme of a solid, Hie ijumber of unit cubes which can be contained 
in the space bounded by the solid. 

Volumes of geometric solids* 

Circular cone V = ifih or V = inr^h 

5 3 

Circular cylinder V = Bh or V = tit\ 

Cube V = e^ 

Prism V = Bh 

Pyramid v = -^Bh 

Rectangular solid V = Iwh 
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XI. STATISTICS 



Statistics is a branch of mathematics which deals with the 
collection, ornanization, presentation, meaningful analysis, and 
utilization of data. 

Hie topics in this unit afford opportunities to inv c the 
pupils in interesting, challenging, and enjoyable mathemL^ical 
activities both inside and outside the classroom. One such activity 
lb the collecting of data, presenting it in the form of graphs, 
and summarizing it in terms of mean, median, and mode. Such data 
could be a tabulation of pupils' favorite interests and activities, 
favorite television programs or- stars, o/ it could be a voter pre- 
ference in an upcoming scliool election. Th\s could involve activitii 
in selecting representative samples of h group and performing the 
anpling; 

Statistics can be fun, 'Hie pupils may enjoy presenting the 
same facts in different ways to create different and contradictory 
impressions, (Somf* examples of such statements are; "Half of the 
class scored 80 per cent or less on the test**; "Half of the class 
scored 80 per cent or mor? on the test"; "The most frequent score 
on the test was 80 per cent,") All of these statements are based on 
the same set of data but each may give a different impression of how 
well the class did on the test. 

Hie pupils usually enjoy collecting and bringing to clas? 
graphs that may give false impressions, and by learning how to 
recognize poorly made graphs they learn how to make graphs properlv, 

This unit also affords the opportunity to reinforce the study 
of otiier subjects. For example, in giving the pupils data with 
which to prepare graphs, the data may be selected from a)mo:,t any 
other field such as economics, geography, physical education, 
science, and social studies. In presenting the data to the pup^^ls, 
the data itself may be discussed. Also, the pupils may collect the 
data from other courses and bring it in for use in mathematics class. 
Cro5S-subjects activities of this nature are educationally rewarding. 

Statistics tell us what" has happened, what is happening, and 
aids us in predicting what is most likely to happen, 

'Ilie pupils may be asked to list various examples of data- 
collecting and of activities based on, or greatly influenced by, 
data and statistics. A few such examples are determining insurance 
policy premiums, government budgets, television program ratings, 
sports data of all types, the stock market, and pupil examination 
grades, averages, and final marks. 
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. A dLscussion of- data and i;tatistics probably would not be 
complete witbout mentioning the role of tbe electronic computer. 
'Hie two greatest values of a computer are that it bas a huge 
memory caj.ability and that it can do lightning-fast computa- 
tions, A co:nputer can be fed great quantities of data upon which 
it can quickly perfonn various operations to give tbe desired 
information. A computer is not '*intel 1 igent" in the usual sense of*^ 
the word, but it is very, very fast. It can perform computations 
millions of times faster than the human brain. This is its greatest 
value in the field of - \i and statistics. 

Often, short cuts ^re necess;.ry :n collectit)g data. In 
determining how many people are watciiin<i certain television programs 
on a given evening, it is a physical ar.« economic impossibility 
to contact 180 million people in the United States to fiiid out' how 
many are watching each program. 

In attempting to determine how many people are watching 
certain television programs or in attempting to predict tbe outcome 
of an upcoming election, the process of sampling is used. 

Concept: lu oiatistiaa, a ample ia a auhgroup selected fi^an a 
lavgev gwup that in under com^idevation/ The oh.ject in 
iseleoting the scunple is to make the sele^ition in such a manna* 
that it is representative of the laiycr group. 

Iliat is, the results obtained by collecting data from the sample 
will give the same infoi-mation as if the data had been collected 
from the entire group. Such a sampling is called a representative 
sampling. Selecting a sample that is representative can be quite 
difficult. In selecting a sample to predict the outcome of an 
election, different results would be obtained if the sample consisted 
of predominately Republicans or predominately Democrats. 'Ilie sample 
would not be representative if it consisted of predominately men 
and one of the candidates has a strong appeal to women. » 

There is always uncertainty about the data obtained from 
samples because of the uncertainty as to whether or not the sample 
is representative of the entire group. 

Many factors must be taken into account in selecting u sample* 
How, when, and where the sampling is done and the size of the 
sample all affecu the results of the sampling. Selecting a sample 
and performing a sampling so that it will be representative can be 
quite a difficult task. 



Tabulation of Data 

Data is tabulated so as to put it into a more usable form* 

Many types of data may be easily tabulated by the process of 
tallying. 'Ihe ages of pupils in a mathematics class may be tabulated 
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in this way. Suppose the ages of the pupils are: 15, 15, 14, 15, 
13, 13, 13> 14, 15, 12, 15, 14, 15, 15, 14, 14, 13, 13 16, 15, 15, 
14 14 15 14, 13, 14, 14. This may be tabulated as follows. 



Age 



Tally marks Number 



12 1 



•1 



13 
14 
15 
16 



THi 1 ' ^ 6 

1 1 



There are several ways of tabulating data. The previous illu- 
stration showed how to list in some tx-pe of order all the ^^^^orent 
numbers that occur in the data and then show how often each score 
occurred by the use of tally marks. 

Concept: The nmber of times each nmher appea^^s is called the 
frequency -of that number. 

This type of tabulation of data is called a frequency distH- 
bution. Cumulative frequency shows, for any S^^^" f^°^^' 
total frequency of all scores up to and including that score. 

Given the folloiHng grades received bij pupils on « ^^^^^^^ 
examination: 85, SO, 85, 80, 84, 79, 82, 77, 81, 76, 81, 
^7ake a tabluation M^g the tally, frequency and curmulatzve 

frequency. 



frequency 
Answer 



Score Tally Marks Frequency Cuncuulative Frequency 



85 



•11 2 



84 1 I 



83 
82 



0 3 



I 1 

II 2 

III 3 
1 1 

11 

76 11 



81 11 
80 111 
79 
78 

77 11 



2 6 

3 9 



4 
6 
9 
10 



0 10 

2 12 



2 14- 



sometimes the data is a set of numbers that differ so greatly 
th:it it is necessary to collect similar scores into groups, i-or 
exSplo. thoTeighS of 20 male adults in a certain group may be 



as follows: 



158 



144 15L 
166 
171 



162 148 167 169 

15L 152 155 157 

180 177 168 156 

173 183 159 165 
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Score Tally Marks Frequency Cummulative Frequency 

65-73 nil 4 23 

0-65 11 2 * 25 

I? 

Fov each of the following, make a tabulation of tally marks, 
frequency and cimnulatvve frequency, first deciding whether oi" not 
grouping should he used. If grouping is vsed, group into five 
groups. ' 



(a) 


The number of children in the families of the , pupils in an 




eighth 


grade are: 1 


, 4, 1, 3 


2, 6, 1 


, 2, 2, 0, 2, A J 2, 1, 




1, 2, 


3, 3, 4, 5, 2, 


1, 4, 2 


. h 




(b) 


The number of telephone calls ^ode from each of 30 different 




telephones in a day is: 








5 


18 6 


3 


0 


12 




14 


19 5 


7 




2 




0 


1 9 


14 


6 


n 




8 


3 7 


7 


9 


5 - 




4 


0 2 


13 


14 


5 


(c) 


The average gasoline 


mLleage of each of 23 new cars, in 




miles per gallon of gasoline^ 


is: 






17.4 


21.6 


13.1 


14.0 


13.6 




21.0 


18;4 


15.2 


13.8 


14.6 




15.5 


16.7 


16. S 


15.9 


13.9 




14.2 


is. 7 


17.3 


18.8 


19.1 




24.0 


27.0 


26.3 


25.8 


24.4 


(d) 


The height of each of the boys 


in a ninth grade gym class. 




to the nearest inch. 


is : 








68 


69 56 


63 


69 


-69 56 




63 


62 58 


60 


63 


66 59 




64 


66 61 


52 


58 


57 61 




62 


64 68 


60 


59 


oO 


Answers: 


t 












Children 


tally 




Cunmulative 


(a) 




in family 


marks Frequency 


Frequency 






6 


1 


1 


1 






S 


I 


1 


2 






4 


1111 


4 ' 


6 






3 


nil 


4 


10 






2 


TH^ nil 


9 


19 






1 


THJL 11 


7 


26 










26 
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No two men have the same weight. A frequency distribution 
that did not group the data would give no further information 
than the raw data itself. IVhen it is obvious tha**- the data 
should be grouped, the first problem is to decide into how many 
groups the data should bedivided. This decision should be 
based on the range of the data, the number of items forming, the 
data, and the purpose for which the data is to be used. There 
are no hard and fast rules to use to determine the number of 
groups, but 10 to 15 groups are very often convenient. The data 
above ranges from 144 to 183 or a range of about 40 pounds. The 
data could be divided into 10 groups with an interval of 4 pounds 
each. The boundaries of the intervals should be defined so that 



there is no doubt as to where an 


item belonjjs; 


Below 


is a f re- 


quency distribution 


of the above 


data divided 


into 10 


groups . 


Weight Interval 


Tally Marks 


Frequency 


Cummulative Frequ 


180-183 


11 


2. 




2 


176-179 


1 


1 




3 


172-175 


1 


1 




4 ^ 


168-171 


111 


3 




7 - 


164-167 


111 


3 




io 


160-163 


^ r 


1 




11 


156-159 


nil 


4 




15 


152-155 


11 


2 




17 


148-151 


11 


2 




19 


144-147 


1 


1 




20 






io 





If the data had be«;n grouped into 5 groups,, the summary would 
be as follows: 



Weight Interval Tally Marks Frequency Cummulative Frequency 

176-133 111 3 3 

168-175 nil 4 7 

160-167 nil 4 11 

-152-159 THI.1 6 17 

144-151 111 ^ 20 

20 



The fewer the number of groups that are used, the greater the 
information that is lost. 

As another example^ the following are the grades received by 
pupils on a mathematics test: 98, 88^ 93, 84, 76, 77, 84, 92, 
65, 75, 88, 92, 96, 100, 87, 86, 42, 58, 69, 77, 76, 80, 90, 80, 66. 
This data may be tabulated in groups as follows: 



Score Tally Marki 

92-100 TH4. 1 

83-91 Tm 11 

74-82 TH4 1 



Frequency Cummu 1 at i ve,_Frequency 
• 6 6 
7 13 
6 19 
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(b) 



(c) 



(d) 



Number 
of calls 

16 - 19 
12 - 15 

8-11 

4-7 

0-3 



Miles per 
gallon 

-25.1-28.0 
22.1-25.0 
19.1-22.0 
16.1-19.0 
13.1-16.0 



Height 
in inches 



66 
62 
58 
54 
50 



69 
65 
61 
57 
53 



Tally 
marks 

11 

nil 

mi rm 
im nil 



Tally 
marks 

111 

11 

111 

mi 1 

mi THJL 1 



Tally 
marks 

mi 1 
mi 11 
mi nil 
111 
11 



Frequency 

2 

5 

4 
10 
_9 
30 



Frequency 

3 

2 

3 

6 
11 
25 



Frequency 

6 
7 
9 
3 

_2 

27 



Cummulat'ivc 
Frequency 



7 
11 
21 
30 



Cummulative 
Frequency 

3 

5 

8 
14 
25 



Cummulative 
Frequency 

6 
13 
22 
25 
27 



Representation of Data 

The newspapers and various reports contain examples of the most 
common types of graphs used as a pictorial representation of 
data: bar greeks,:, broken tine graphs, ar.d oirale graphs. Almost 
any1:ype of data, can be represented by more than one type of graph, 
but each t>'pe of graph has its advantages in representing specific 
types of data. 

Concept: The bar graph is often used to represent isolated number 
faots. 

For instance, a bar graph may be used to represent the heights 
of the 10 highest mountains in_ North-America or the length of the 
world's longest rivers.. Such^ata is composed of number facts 
assigned to relatively unchanging items. 

Concept: h/hen the data is composed of number facts assigned to 
changing items and the purpose of the graph is to shoD the 
direction^ of change, the broken line- graph is veiy useful* 
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Broken line graphs can be used to show trends, cycles, change 
in a variable of relationships between variables. 

Concept: Circle graphs are useful for representing the relationship 
heUoeen portions of a whole and the whole. 

For instance, a circle graph is useful for representing the 
items that make up a family budgets The data represented by 
circle graphs as often given as a ratio of a part to the whole ex- 
pressed as a per cent. Such data may also be represented by a 
rectangular distribution graph which employs the use of a rectangle 
instead of a circle. In circle graphs and in rectangular distri- 
bution graphs, the area of each region of each graph is drawn 
proportional to the data. 

If a circle graph is used to represent a family budget, and 
20 per cent of the budget is for rent, then 20 per cent of the circle 
must be used to represent the rent portion of the budgets Here 
again, what is meant more precisely is that 20 ;per cent of the 
circular region must be used for this purpose. To do this, central 
angles are drawn at the center of the circle. The sum of all 
such angles wi 11^ be 360*, The angle used to form the portion 
of the circle -repfesehtihg rent will be 20 per cent of 560* or 72*, 
An .angle of 72* is drawn at the centor of the circle intersecting 
the circle to form a sector which is 20 per cent the entire 
circular region, - 

Ii) making bar graphs ^ the bars may be drawn either horizontally 
or vertically. The width of the bars is the same and the width 
of the spaces between bars is the same. 

One problem with both broken line graphs and bar graphs is 
that of determining what scales to use. One method of determining 
the scale is as follows. Determine what is the largest number that 
has to be represented on the graph. Det^^rmine how many graph paper 
units are available to represent this number. Divide the largest 
number that must be represented on the graph by the number available 
graph paper units. Each unit on the graph paper should represent 
the nearest larger convenient number. For instance, if the number 
148,842 is the greatest number that must be represented on the 
graph, and if there are 15 graph, paper units available, then 
dividing 148,842 by 15 gives a quotient of about 9,900. Each unit 
on the graph paper should then represent 10,000 for this scale. 

Frequency distributions of grouped data may be represented by 
a histogram. 

Concept: A hictogram is somewhat like a vertical bar graph j except ^ 
that there are no spaces between the bars. 

The intervals are marked off as the horizontal axis and the 
frequency is shown on the vertical axis. 
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A convenient interval length is one which will yield a 
maximum of ten to twenty intervals, though in the initial work 
six to ten intervals are an ample number with which to have 
students work. Adjacent intervals have. a common endpoint. End 
points should be chosen with care in order that data fall within " 
the intervals; at times this is impossible and by convention any 
data falling on ah endpoint will be assigned to the lower interval. 



Scores on Test 

92 - 100 

83 - 91 

74 - 82 

65 - 73 

56 - 64 

47 - 55 

There are ho scores 
between 0 and the 
47 - 55 interval. This 
' portion of the graph "may 
be omitted* and this is 
indicated by the zig-zag 
portion on the, horizon- 
tal scale. The use of 
graphs in which a 
portion of the graph has 
been omitted can lead to 
false impressions of the 
data being represented. 
This is discussed in a 
later section. 

Joining the mid- 
points of the upper 
bases of a histogram 
results in a broken 
line graph called a 
frequenoy polygon. 
The midpoints them- 
selves represent the 
meaningful data. The 
line segments connect- 
ing the midpoints are 
used simply to show 
trends in the varia- 
tion of the data from 
one midpoint to the 
next midpoint. The 
points on che line seg- 
ments connecting mid- 
points do not repre- 
sent meaningful data. 



Tally Marks 

mjL 11 

Tmmiri 

nil 

ill 

1 



12 



Frequency 

5 
7 
11 
4 
3 
1 



11 



10 



u 

C" 

<1> 
cr 

<D 



5 



1 




56 65 • 74 
Te$t"-Score$ 



83 92 100 
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ReVative frequency is the percent of the total number of 
scores that a frequency represents.. Decimal numerals are used on a 
vertical line at the right of a histogram br frequency polygon, to 
illustrate relative frequency. 

Interpretation of Graphs 

Care must be exercised when interpreting graphs, A common 
saying can bo slightly altered- to say that graphs do not lie 
but liars use graphs. The meaning behind this saying can be 
demonstrated by the two graphs below. Graph A shows the price 
of Brand X on the first of each of three consecutive years. 
Graph B shows the price of Brand^Y on these same dates. At 
first glance, it might appear that the percentage increase in 
Brand has been far greater than the percentage increase in 
Brand Y during the same period. 

Brand X Brand Y 




A B 

A closer examination of the graphs show that Brand X in- 
creased from $0.48 to $0,54 while Brand Y increased from $0.48 to 
$0,56. Brand Y actually had an increase in price $0i02 greater 
than Brand X. 

How can graphs be*used to create such false impressions? An 
examination of the graphs shows that the two graph's do not have 
the same vertical scale. Graph A has a vertical scale in which one 
unit represents one cent. Graph B has a vertical scale in which one 
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unit represents two cents. ^The zig-zag portion of the vertical 
scales shows that a portion of each graph has been omitted. In 
each graph the portion that has been omitted is different from the 
portion that has been omitted in the other graph. This makes the 
difference in vertical scales less obvious. Omitting a portion of 
a graph is not necessarily an indication that an attempt is being made 
made to create a false impression. Omitting a portion of a graph 
IS very useful when the purpose of the graph is to show a trend or 
cycle m a variable and the variation percentage-wise is quite small. 

Pupils should be asked to look for illustrations in which sta- 
tistics are used to show only what is desired, i.e., *M out of 5 
dentists recommend which might mean only five were asked or 
only a certain^S, are being considered. The inference is being 
suggested however that of all the dentists in the countiy 8ol 
would* re conmend Brand Q. ' 



Measures of Central Tendency 

Centr>ali;endenay' refers/to the-part of the distribution at which 
many of the 3Cores are concentrated. 

Concept: The mode is the nmhev which occurs most fvequentlij in a 
i^et of data.- A set of data may: have move than one mode. 

Concept: The mean is the aHthnetic average of a set of data and 
vs obtazried hy finding the sum of all the numbers in the set 
and d^vzdzng by. the cardinal number of the set. 

Concept: The median is the middle number in a set of data which has 
been arranged zn order of size. 

If the set of data contains an odd number of elements the 
median is the value of the middle number^ Thus, if there are n 
elements dn the set, where n is an odd number, and these are 
arranoed in order of size, the median occupies position . 

If the set of data contains an even number of elements the 
me^dian may be found as- follows: when n is even and the numbers 
are arranged in order of sire, the median is the arithmetic mean 
of the niimbers in the positions,?, and j + 1. 

Let us see how an analysis of data may be made. 

The following is a set of salaries of 12' employees: 

$5,200 $5,800 $5,400 $5,600 

$5,700 $5,400 $5,200 $5,500 

$5,500 $16,400 $5,600 $5,200 
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Arranged in increasing order the salaries are: $5,200, $5,200, 
$5,200, $5,400, $5,400, $5,500, $5,500, $5,600, $5,600, $5,700,, 
$5, SCO, $36,400. The most frequent salary is $5,200, Therefore, 
the mode is $5,200. The middle salary is $5,500, Therefore, the ^ 
median is $5,500. The arithmetic average or mean is $6,375, 
Notice how much higher the mean is than either the mode or median. 

Each of the following is a true statement, based^ on this 

data: 

. The most common salary among the employees is $5^200. 
. Half of the employees receive a salary of $5,500 or more. 
. Half of the employees receive a salary of $5,500 or less, 
. The average salary of the employees is $6,375. 

Each-of these- statements is a summary of the same data^ yet 
the impression given by each of these statements can be entirely 
different. In this example the median gives the most accurate 
average as an indication^ of central tendency. The reason that the 
mean is so high is due to the $16,400 salary in the data. If this 
salary is changed to $5,700, the mode remains unchanged, the 
median remains unchanged, but the mean drops from $6,375 to. $5,483. 
This demonstrates the effect that one number can have on the mean 
of a set of -data. 

The mode of data that has been grouped in a frequency distri- 
bution would be the interval with the greatest frequency. After the 
data has been grouped there is no way of determining the most 
frequent number in the original set of data. 

The median of data that has been grouped cannot be precisely 
determined but the following is a description of how it can be 
approximated. 



Interval Yearly Salary 



Frequency 



$9,000 
$8,000 
$7,000 
$6,000 
$5,000 
$4,000 



$10,000 

$8,999 

$7,999 

$6,999 

$5,999 

$4,999 



N = 



1 
4 
6 
15 
40 
35 
ToT 



There are 101 salaries. The 51st salary will be the median 
salary. The 51st salary will be in the $5,000 - $5,999 interval. 
It ban, therefore, be stated that the median salary is in the range 
$5,000 - $5,999. Counting down from the top, the 51st salary would 
be the 25th salary in the $5,000 - $5,999 group. Counting. from the 
bottom it would be the 16th salary in that group. An approximation 

of the median salary would be of the way from $5,999 - $5,000 
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of of the way from $5,000 to $5,999. This would give an 

approximate median of $5,387, This is only an approximation because 
the calculation is based on the assumption that the salaries are 
evenly distributed within the group, which probably is not true. 

An approximation of the mean of a grouped frequency distribu- 
tion^ may be obtained by assuming that each number in each group has 
the value of the midpoint of that group, Tlie mean is then calculated 
in the usual manner, A shortcut would be to multiply the midpoint 
of eacH group by the frequency of that group, add all these products, 
and then divide the sum by the total frequency. This is an approxima- 
tion of the mean because it is based on the assumption that all the 
data are evenly distributed about the midpoint in each group. 

Concept: The mecm, median, and mode are numbers used as valueo 
typical ov rept\^sentative of a set of data. 

Students and parents are oitcn confused percenti le "scores" 
given as results of standardized tests. The explanation which 
follows should help to clKri-^y the ricaning of percentiles* 

One method of indicating what portion of the pupils are below 
a certain pupil is by the use of percentile rank. If 4,000^ pupils 
^'take an examination- and one pupil i^ ranked 1,200, then 2,800 or- 
70 per cent of the pupils taking the test are below him. His 
percentile rank is given as 70, This means that 70 per cent of the 
pupils are below him. Percentile ranks are used a great deal in 
scoring standardized examinations, the pur|)ose of which is not 
"pass" or "fail" pupils but tb indicate ability compared to all the 
other pupils. 

Data and Data Collection 

Data for statistical analysis can not be collected in a blind 
and unthinking manner. There are pitfalls to be avoided merely 
in the collection of data, before any mathematical operations are 
performed on this data,* 

The process of collecting data can be very expensive. For 
example, television broadcasting networks wish to know how many 
people are watching their programs. If 25 million people are 
""watching television in the United States on a certain Tuesday 
evening, it would xost a network & huge sum of money to contact all 
25 million viewers and inquire as to which program they were 
watching. The task of contacting 25 million people in one evening 
is a practical impossibility. Instead of contacting all 25 million 
viewers, only a small sample, perhaps 2,000 viewers, are contacted 
and asked what program they are watching. This is called sampling. 
Firms that specialize in this activity are called television rating 
services. 
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If a television rating seivtce contacte ,^uO people in 
different cities in vm^icus ceotions of the country, and if 27 pe?^ 
cent of the people contacted are watching a opecifio television 
.program:, dcee this mean iJiat 2? per cent of all television viewers- 
in the United States are watching that particular program? 

AnsKcr : No, not necessarily 

If a sampling is made in such.a manner that the results arc the 
same as would be obtained if each person to whom the question per- 
tains was contacted, the sampling is called a representative sampling. 
There are ipany factors thr.t will* determine whether-or not a 
sampling will be representative. Such factors as how the sampling 
was taken, when it was taken, where it was taken, and the size of 
the sampling are a few such factors. 

Each of the following is an example of a-sarnpling which is not 
representative. The 'results of the sampling are different from the 
results that would he obtained if each person to whom the question 
pertains was oontaated,; For each scvrpling, indicate why it is not 
a repijesentative scffripli>ig, j 

(a) In attempting to predict the outcome of an 'upcoming presi- 
dential election, 20,000 high school pupils in 100 high 
schools across Ithc country were asked which candidate they 
wished to see elected* 

(b) * To doterrainc'^htow many people in the United States watched 

a certain television-program each week, 42 people in 
seven different cities were inter'iewed; 

Answers ; 

(a) The question was asked of the wrong people. High school 
students are not old enough to vote and will not be voting 
in the election. The question should:havc been asked of 
people who actually will be voting in the elcctiom 

(b) Tne- siujipling is too small* The number of people 
questioned is tod small and the number of cities 
involved in the sampling is too-.*',mall to be representative; 
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XII. PROBABILITY 



ERIC 



The iidtcrial in this unit is sufigested.as an optional tofic 
in the Sth^gradc. rrobability should be approach on the junior 
high: IcVel on a stri^^ 

A dlscussicmof such W prcbably^- mighty chahccj it a 

good start ing point • Just what is iieaut ;whe^^ fol lowing state- 
ment> are-ii^^^ ' ^ ^ 

(a) Ir wii r probably r^^^^ 
(H)i P might get? a-^neW^ 
(c)? There iis a^ch^^^ 

:^wy fishing on: Saturday; ^ 
(3) It might snqw.in; July i^^^ 

(e) He has a ch^ "to fgo to the ccntcr of the earth tomorrcw. 

There/ shouldAbc: ah overall discussion r^^ 
ahd_an-cmj)hasis on th^ mentioned ^re^^^^ 

pccurihg? The likiiiihopd 6^^^^^^^ ithrec eycnts^^^^^^^ 

if orscc-abie .Whi I e ^tfte like Uhpo^ last two is, :for al 1; 

practicalTpu^To/esv^h 

ExpcrimehtTiinvpiving the tos^ 
laboratory approach io pr^^ Soiie of the^*und^ concepts 

:6f probability can^^b^ 
in such^coihitos^^^^^^^ 

Wieh^a: coin is tossed^i 
landing heads up is the s^ landings 
tails up^ Jn discussing: the teased 
coin facing Upward^when th6 coin^^l^^^^ coin 
will not land on its edge. .Therefbrci :when/A coin:^is^^^^^^^ 
arc only two possible 6uiac^es,i 6t^^ tijr cofn w up 
or it will laiid tails up.. }ln detefiinlng^^ 
tossed coin turning iip ^heads^ hcais^aSy^^^ called tKe favora^^ 
ouiome*. Ttxcn, there are two possible 6u^^ of \irttlch is 

_ favorable.: - 

Cdhecpt: Jhe maaouw of the pvohdbiliiy of a oveqifio outdomc 
to the nirnhcP of pdQbibl^^^^ The fomulq vb 



PvphahvlittJ^, • 



yimbep/qfii>08Hp^^ 



The. probability of heads zis therefore^ P r^j^ In determining 

the probability of the 6utc<»eibeing^ta^^^^ 
favorable outcome^ We^^afe^^^^ 

of the probability of tails is P ¥-^^ 
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_ When a coin; IS tossed ;tWicey there are /four^possible out- 
comes: (H^.H);; (Hi.T); .(T, Hr^ahd^m T), NoUaethdl the 
o^tacme ofjfxy^QV heddl <a^cf-i^^e«. iaiZs-.i? not ihe ^sdme outoome 
as Me J'irst itqils and: then ^he^s. JKese are tVo, diffefeht.dut- 
xo'mes. - ^ 

Instea:d .of tossing 6n^^ We may toss two xoins, once 

l55 ^^fe^ pfobabrlities t If -coihs..p£ diffefeh^^ denomihatiori 
fre used, :it is easier Jfor-studehts t6 see thdt ;CH> TO^ is .hdt the 
^same outcome- a^^^^ 

Pe::j>rol>abiiit^^^^ each q£ the Jquf routcomes is as follows : 



l^en; .a- dpi n. is t oss edUtwi ce .the iprobab i li . of .get t i hg 
one head and ^one taMr in either order ^-6t^ i. In 
Ihis instance, '|foth ;(Hi, T^: a^^^^^ are fa vorabie .out coles . 

There are ifpur :p6ss3ble putcpmeJ,/two of^^-which e^^^^^ 

The ratio of favorable outcomes, to total 4)6ssibie outcomes is - 

^iVhen a coih^ls tossed In the air three timesi there are 
eight out cpnf^^ ' ^ 

#> Hi.#;^K^.H,.^-)^^^ t(H„>r, T) ; 



The rprobabliity ;pfr thref ^yads: is-i^, 



The pfobabiiitx. of th ^is 4. 

- ' ' 

The -pfobibHity of twpyheads- and one taiT i -I, 

The^probabrHty pf p J:.^ 

The prpbabijity^ p^^ coins turning ,u same -is ^ji. 

The.;prpbabrUty' of unly,;twp coins turning' up,,^ same is ji 

. di^i^m TAay-'he useo.tb shou^tUe^ppssiy 

'r^us for 3 cphsecuHy^^ :toss6s or one; tos^r of ihree .diffcrVnt 

coins- we^^m^^^^ 
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1st- Coin 



2nd7C6ih? 



3fd' Goin- 




There arbf 2 wa>:s: oneVi^ ^H) i-^tT) iSicre iivo aImUvs 

^ ^cbiris: Kay^ fyiv j(Hi H)7. (Hi, . iGn^I^i) y.^^. jf, ^ -rherc arc ' 
^rg^t ways :threc^^ (H^H^f 07^ (Hyf ^H) :(H,TVT) 

Cgnaepp: j£ ah. even t Sass^ grdxf ]^o^^pgst^Ble- outoanes and^ tha event 

^? t^P^^t^A u^ ^^^P^i*'^^i ^tW^^*^- sequendes 
^ qr.-individt^^ duiocmes^ is-i^ . 

s cque He es- of :i nd i vidua l i out c^es ; :I f a pi n i is 1 6 tie £i ve t i nes 
the re are 2^ of^ 32f = poss ib le - s equcnces or i mii vi (iual^ but comes « 

Cohcepi: To-detervf^ne^^^ 

the only informa^^ :is ^^he total nurnher ofrpossi^^ 

93P9.^^^§^4r^^^^ otlpiese outcck^^ that are favprdhie,, 

If dVUfthe pdssibie oUtcomp are f^pr'^ei, tlwh the -prob^iVi'' 

of the favqrc£le out'cme ocgurrit^^ If/none of the 

oiitc^mes i^s fga)orah^ the-prdhabitity of d. favbrdbZe event is 
fiero; Jherefqrei^J^^^ of ijie^medsures\^^^ 

/of Events is frdm^^ 6 §/</l\ 



^oncep t: The prqbdbiii ty of success p ius the p^qh^^viity of fa^ 
' isdlways^equdti^ - . 

Anqthef rpopula^^ studying the^^ 

is^by/ thejiuse S t isieadvisab^^^^ t9;^^rrest^^^ the discuss iq^^ 

first tb-the-usc^o^ ffhc reason? for" 

this lis: tha^^ the putcpmc^^^ the) first die and^ ^-pn the 

secbnU^die i^ npt ^Kc^^^ as a- 2^ pn;ithe firs^^^^ a 

3;pn the sedond^^ d 3d-:dif fefcnt -pp^^ 

outcomes ; fhcr use iof dice coloTCd fdif f cre^^ ly :helps to. pre v^^^^ 
difficuitics: iH« un^ concept . 

i n :c6 ns i dcr i ngr.t he> puf come s 6 rp 1 1 i ng: \t wo - d i f f c reh 1 1 y co 1 pre d: 
dice^ one rcd^^^^ 
Jiumbdr pairs; fhe^use ^^^^^^ 

-the point ihati if the. if i« numb^^r^q^^^^^^^ ^he 
sainbef 6n>thd^^ f^^^ 
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wh_Uc die, tHc 6r^^ (2, 3) are different 

pfdcfcd nwnbe^ ipossible outcomes; 

Wlich -two -tli'ffnrnnf Iv rnlnrrkH-fHi^;* nW» -Wil lr»>i~ t-koWt ^Wt V/t- 




Conaept: Aqantpie spddey%s a tzstifig of /possible outcomes.. 

If thc^utcomc^ the sims bt the faces upperaost 

when two diffef^^^ TOl lcd\ Ihe^dinpl^ ds 

shown in^^^^ 

_ ~" _ * - - _ - - _ "_ 

fRedf - , ' 



Khitc 





Hi 




F3'4 










Si 












t:f-- 




li 


















Mi 








'Ml 






































&{ 








Jp4 




3i 





- JotaL pf:/36~'0^ 

'th^ A'^if^M diagvcon to find' ansuet^s 

to zthe fo llowing: ques fionsh _ ' _ ^ 



5(a) :Find -ithe :pf^^ totai of .sfeycn showing 

'(b)3 Rini^tHc proba^^ <;tWd showing 

:Find the p^^ total- o€ three of six 



X showing 



Answer: 



(aj Reading the sample s^ that there arc-six possible 

ways to get ,a scvch.ibat of the total of the ihifty-six 



nossihlc^odtconics ♦ -llcnce the :probabi lity is 



36 



(i?) Agaihrvthe^sampic-sp are hp 

^possible- putcom^^^ arc. so the p.ro^^^ 



=(c)r Checking: the s there arc two ^outcomes of three 

;^nd fiye^^o^^^^ the Jptal^^^ppssi^ 

- - - - ^ - / 2+5 -7 

thirty siXi.rso,4the> is: ^g^- ^ ^ 
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fiy^lji^n f'^) vH^^i a total of three 

^^di six^i" the iprobabH U Would^be^ zero since bgthi outcomes are 

not possible^^^^a^^^^^ timel 

Ini the :follpWin^^ the. fprroula' 

Pfobabfl ity ^ "^roberl b^jf avorab 

" nwnb'er pf ^possible o^^^^ 

^thrpmT : / - — ^ 

a) ^ niMb^^ 

b) i HTie^number 

* cj: T^e>;numbe^ - ' 



^Answers; i(bS} ^ ^(c): ^ 

P.oiji^,^a^§tm^ find/tke prohaBiiity. of 

^repldcedt) . 



1)/ pfehekf^^^^ 

^b);^ Any k in^^^^ 

c) i The quee^^ 9? 5|i^on4s^^^ 

d) : Anj^ face {(pictur^^ 



26 



to -the g^pbg^^^^ ^Wi^n^a^^c^^^^^^ 

siX 'tames an^^^ :t hit the 

probabi 1 ity^of IheadS: comihg;-^^^ seyent j^^^^^ 

IVheri: the coin. i|'' tos s e d\a>.s^ t the - ou^ of Vthe pre% 

yious ^tosses^ihaye^^^^^ 

of the.:previbu[s to^^^^ !?!ben the 

probability (o£ h^^^^ 6f Vcoursey;wheh 

a coin is- tossed:|eyeh itim^^ the -total mimb^ 

is 2^ or-128i^ ^^e.probability of in- seyeh 

tosses is Howeyer, after ^he six^^^^ 

probability of^ on the seyenth>;tpss:iis- 

Hiis. leads Jto a discussioh-of the^^^^^p^^ either of 

two' events 'occurr^ eveht^ 
roccurring,, . 
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Concepti if events that is^.-if vt'%s 
^^.pj^J-MM for both iq odour, at ihe ^smi time, ih^,^pjphc£ilil^ 
of one '.everit or the other eve^^ the s-^lof pro^^ 

_ hviiiy_ of .^he^jMsk ev^^ 
event. PAprTB)^ 

When a- c^^^ of either :hea^^^ 

tai 1| ^^ui^irigrup i^^ ly -It is a sure thing;. Mhen: a :c6in 

i s to ssed i : : th e^out c ome : w r 1 1 jibe" e i therl he adsr^ P r ta i Is* 

U\\eh 

tyniingaup is^'^P^ (2 or/ 6); = i^.i^^ oSis (also^ appH es^' t 

more than two levents^Tf -all-e^^^^ 

pHa 6r^ufeC^^= i>^ T — ^ 



Concept:^ Ihi'indepenMj^tev^^ df^hotJi^ of :^o 

'events' oociir^ the prqduci/of^^^^ of theh 

firs t dnd^ ihh prohl^iZi ty^ of Me seoond: even t,. B ( A ^^c^id Bh = 



IVheri a>c6in. i^^^ the^probabxlity of^headsiboth: 

times lis '(^My) or 'Vften thf ^coin.ds^ 
-probability*pfe aH^ three :tim^^ 1(2)4^) (2^^ ^^^^^^ 



When^- a',pup i 1^ i s t ak ing jaf^^^^ 1 1 ip 1 e^ ^ c hoi c e test dn wh i ch t h e fe 
are five choices for answers {tor^achs^ j andfhe ihas^rip :id^^ 

?s to-what thp^ Tsv r'the-'prpbabilit^^ 

getting dt corre is-^i If .there are^^ 

does not Icri 6w t he answer > t he^^prob ab i 1 i t / - of ' his :gf 1 1 i ngs^ bpt h * 
.gues t ions - cprre c t i.s 9^ 4 f ^Bpf^ are five; quest i on S3 

to which 'he does-npt know ihe cansweriJtheiprp^^ of his getting 

allrfiye corre^^^^ is (^IKI^H^) (^^^^^ I f t he^a^. a^^^^ 

que^stioris^ to^whi^^^ 

of Ihisi^getting falL teh-questidhs :ccrrect is^ 

.simple exefcTsVl as rhe follpwirig^ are .useful. 

A drcff^er oonidins S\^^^^^ socks. -and: 10 ^^iad 0idt is 

the.prpbdb Vtity that ^^qn -the -fi^V^t dV^^ djlhiie isogk/wi^^ ^P^W.e4^ 
Mat Is'.ihe :prdbcii^ ^k? sook wvlt be 

[piokedt i 

Answer ;:; Whitey^ ~ = Black j 
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^ ^ A wmm hqs>a hd^^ tuo . dimes, cmd- 

fiipe permies in^her iidliei^^ Whxi'^^ :th^ [pr^^ that' :she will 



; Answer; ij^ 




- 1 
\ 



-giqve diqg'r spinner** Mth the^ dial divided 

WfPjfiV^iSeotor^^^^ Ax^ f p-= 96°^ 

<md E^^ .120°i. Men the pointer- is^^ s^^ :Cs the p'rdbcd^ility 

pf^it Mp^^ on: (a) iCtn -A^, Jht ^^^^^ (o) MC 'Si .m^^ A,. 
B}dr C'y (e) tHe- letters; B,^ A^ 3' in three suQoessivS^^^ 

Answers,:- . 



^ _ 

360 ~ 15 



..96 



:15> 



2v/:lS 



3375^ 



_ Enrichments suggest to 

students tjjat they^^t^^ to: cqnstru^^ dials, withrsectprs^^^ 
csimtilate the ^butcome^ 9f tossing t^^ or rolilhg two^dJL^el 

TOe angle^^^^^^ the cprrectf 

PFoK^l^lCit^ie^^^^ 
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